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Preface

When 1 first sat down to write the speech for my doctoral celebration, I found myself
staring at a blank page, wondering how to capture the journey that brought me to this
moment. Life, I've come to realize, is nothing more—and nothing less—than a series of
events and decisions, each one seemingly small in isolation, yet collectively shaping the
trajectory of who we become.

What strikes me as remarkable is how unlikely this particular path has been. If someone
had told me years ago to predict my current situation, I'm sure I would have been totally
wrong. Yet here we are, and as I look back, I can trace the thread of moments and

decisions that led me to this point.

This isn’t just a story about academic achievements or professional milestones. It’s a
story about the people who shaped me: My parents, who gave me the freedom to explore
my own path and blessed me with my wonderful siblings—Pierre, Lotta, and Nora—who
taught me the value of companionship from the very beginning. It’s about friends who
shaped my biggest decisions about where and how to live, and colleagues who made the
institute feel more like a home than just a workplace.

In particular, I want to give a big shout-out to my advisor, Jorg Fehr, who always showed
deep interest not only in my research but also in me as a person and my personal growth.
He valued the things I was doing outside academia and gave me the trust to follow my

own academic curiosity.

And then there’s the Fisch Crew—a group of distinct characters who transformed the
institute from a mere office into a big playground. Florian, who patiently listened to
countless thought experiments at our whiteboard—sometimes about research, but mostly
about life; Julian, the official supervisor of my master’s thesis; and of course Hannes, with
whom I've started a semifunctional business and who has influenced my life and interests

in countless ways and moments.

During my stay in Seattle, I had the privilege of working with Nathan Kutz, whose energy,
expertise, and enthusiasm are unmatched. His Monday ritual-—scootering into Wilson
Annex with freshly roasted coffee beans—is burned into my memory. That was also the
time when one of my most rewarding collaborations began with Paolo—a partnership that
transcends research and is founded above all in friendship. No matter where our distinct
paths may lead us, I'm certain they will remain entangled in ways that no VAE on the

world could unravel.
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Obviously, in Stuttgart, I got to dive into a lot of exciting research projects as well. I was
fortunate to supervise my friend Jonas during his master’s thesis and follow his impressive
academic journey—though what actually mattered is being a part of his life. Working
on projects with Johannes and trying to make sense of differential geometry was a lot of
fun, too. I'm especially thankful for all the times he read through my thesis, brainstormed
ideas with me, and also gave advice on personal matters.

There are so many other people and memories at the institute worth mentioning: Night
excursions to rooftops, THE BUROQO, the birth of mensa_bot enabled by many coding
days at Dreikonigstag with Tom and Niklas, walks with Andi when I needed advice,
countless Fisch evenings, organizing YMMOR2024, SimTech and I'TM Statusseminars,
and unforgettable conferences in Vienna and San Diego. Thanks to Philipp, who in a sense
took over from Florian as my Esslinger office-mate and helped me prepare my doctoral
celebration; to Ben, for raving through Poland with me; to Jan, for taking over my doctoral
hat-making duties; and to Norman, Pakka, Micha, Peter, and Peter, who keep the institute

running.

As I prepare to close this particular chapter of my life, I find myself filled with both
melancholic gratitude for what has been and excited curiosity about what lies ahead. Most
importantly, I'm acutely aware of what I will miss most—the daily presence of the people
who have made this journey not just possible, but meaningful.

What follows is my attempt to honor that journey and the remarkable people who shared

it with me.
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Kurzfassung

Numerische Simulationen verfiigen iiber ein hohes Maf§ an pradiktiver Leistungsfihigkeit,
um das dynamische Verhalten komplexer Systeme zu analysieren. Auflerdem erméglichen
sie Erkenntnisse in Bezug auf physikalische Phidnomene, die andernfalls nicht zuganglich
waren. Entsprechend spielt die simulationsbasierte Analyse strukturdynamischer Systeme
eine zentrale Rolle in der technischen Entwicklung oder der Bewertung von Sicherheit-
saspekten und kann bei der fundierten Entscheidungsfindung unterstiitzen. Der sig-
nifikante Rechenaufwand konventioneller High-Fidelity (HF)-Modelle begrenzt jedoch
deren Einsatz — insbesondere in Mehrfach-Abfrage-Szenarien, Echtzeitanwendungen oder
ressourcenbeschrankten Umgebungen.

Dies motiviert die Entwicklung sogenannter Surrogatmodelle — effizienter Approxima-
toren, die das wesentliche Verhalten der HF Simulationen nachbilden und dabei den
Rechenaufwand drastisch reduzieren. Der Fokus dieser Arbeit liegt auf nicht-intrusiven,
datengetriebenen Surrogatmodellierungsansitzen, welche die Synergie zwischen klassischen
numerischen Verfahren und modernen datenbasierter Techniken nutzen.

Die in dieser Arbeit prasentierten Methoden sind in einem einheitlichen Rahmen integri-
ert, der Konzepte der Modellordnungsreduktion und des maschinellen Lernens vereint.
Im Zentrum dieses Rahmens steht die Konstruktion kompakter, niederdimensionaler
latenter Repréasentationen, in denen sich die Dynamik komplexer, hochdimensionaler Sys-
teme effizient erlernen und genau vorhersagen lasst. Die vorliegende Arbeit untersucht
verschiedene Strategien zur Identifikation geeigneter Koordinatenrepréisentationen und
analysiert mehrere Anséitze zur Modellierung latenter Dynamiken.

Zu den analysierten Ansitzen zdhlen sowohl Black-Box-Methoden als auch Verfahren
der Systemidentifikation, die analytische und interpretierbare Gleichungen liefern. Die
Anwendungsbeispiele decken ein breites Spektrum strukturdynamischer Probleme ab: Sie
reichen von einfachen akademischen Beispielen wie nichtlinearen Pendeln, Masse-Feder-
Dampfer-Systemen oder niedrigdimensionalen chaotischen Systemen bis hin zu komplexen,
hochdimensionalen Mehrkorpersystemen sowie Finite-Elemente-Modellen. Letztere um-
fassen gekoppelte Simulationen sowie hochgradig nichtlineare sowie irregulidre Systeme mit
Kontakt—etwa in vereinfachten Crashszenarien.

Zu den wesentlichen Beitriagen dieser Arbeit zédhlen ein systematischer Leistungsvergle-
ich von Dimensionsreduktions- und Regressionsverfahren, eine multi-resolutionale Sur-
rogatmodellierungsstrategie zur Erfassung von Mehrskalenphdnomenen mit variierenden
Hardwareanforderungen sowie strukturerhaltende Modellidentifikationsverfahren. Dartiber
hinaus wird ein variationales generatives Modellierungsframework entwickelt, das inter-

pretierbare Surrogatmodelle samt Quantifizierung der Unsicherheit ermdoglicht.
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In ihrer Gesamtheit gestatten diese Ansétze die Entwicklung von Surrogatmodellen, die
nicht nur recheneffizient und genau sind, sondern auch interpretierbar und in Echtzeit-,
Mehrfach-Abfrage- und ressourcenbeschriankten Szenarien einsetzbar sind. Damit erweitern

sie die Anwendbarkeit und Zugénglichkeit numerischer Simulationen in Wissenschaft und
Technik.
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Abstract

Numerical simulations provide powerful predictive capabilities to analyze the dynamic
behavior of complex systems and offer insights into physical phenomena that would
otherwise remain inaccessible. Consequently, simulation-based analysis of structural
dynamical systems plays a crucial role in engineering design, safety verification, and
informed decision-making. However, the significant computational cost of conventional
High-Fidelity (HF) models limits their applicability—especially in multi-query scenarios,
real-time contexts, or resource-constrained environments.

This motivates the development of surrogate models—efficient approximations that emulate
the essential behavior of HF simulations while drastically reducing computational overhead.
This thesis focuses on non-intrusive, data-driven surrogate modeling approaches that
integrate classical numerical methods with modern Machine Learning (ML) techniques,

thereby harnessing the synergy between scientific principles and data-driven technologies.

In detail, the proposed methods are embedded within a unified surrogate modeling frame-
work that combines concepts from Model Order Reduction (MOR) and ML. At the heart
of this framework lies the construction of compact, low-dimensional latent representations
in which the dynamics of complex, high-dimensional systems can be efficiently learned
and accurately predicted. The thesis explores various strategies for identifying suitable
coordinate representations and investigates multiple techniques for modeling latent dy-
namics, including both black-box approximations and system identification approaches
that yield analytic, interpretable equations.

The application examples cover a broad spectrum of structural dynamics problems: they
range from simple academic cases—such as nonlinear pendulums, mass-spring-damper
systems, or low-dimensional chaotic systems—to complex, high-dimensional multi-body
systems and finite element models. The latter include coupled simulations as well as highly

nonlinear and irregular systems involving contact, as found in simplified crash scenarios.

Key contributions include a systematic benchmarking of dimensionality reduction and
regression techniques, a multi-resolution surrogate modeling strategy capable of capturing
multi-scale phenomena under varying hardware constraints, as well as structure-preserving
model discovery methods. Furthermore, a variational generative modeling framework is

developed to enable interpretable surrogate modeling under uncertainty.

Collectively, these approaches enable the development of surrogate models that are not only
computationally efficient and accurate, but also interpretable and deployable in real-time,
multi-query, and resource-constrained settings—thereby broadening the applicability and

accessibility of numerical simulation in science and engineering.



X1V



Chapter 1

Introduction

No matter what you do
You change someone
One changes you

Do you have control?

Wet Paint, Do you decide?

The Hare and the Hedgehog is a Low Saxon fable written down by the Brothers
Grimm [Grimmb56]. It tells the story of an arrogant hare who mocks the hedgehog
for his short, crooked legs. In response, the hedgehog challenges him to a race. Confident
in his speed, the hare accepts and sprints ahead—only to find, at the finish line, the
hedgehog already waiting. Unbeknownst to the hare, the hedgehog’s wife—who looks just
like him—had been stationed there from the beginning. The hare repeats the race again
and again, but each time meets the same fate: “I'm already here,” the hedgehog’s double
calls out. Variants of this story exist across many cultures, such as Aesop’s The Tortoise
and the Hare in ancient Greece or The Rabbit and the Tortoise in Fast Asia, all of which
center around the idea that cleverness and strategy can triumph over speed and brute
force.

Yet, in the Grimm version, the hedgehog’s victory is not merely strategic—it’s deceptive.
He has to cheat to level the playing field. In an ideal world, however, one wouldn’t have
to choose between raw speed and cleverness. Instead, one would combine both: the swift
execution of the hare with the cunning of the hedgehog.

In computational science, this contrast maps naturally onto two major paradigms. Con-
ventional numerical simulation methods resemble the hedgehog: grounded in physical
principles and capable of delivering deep insights, but often computationally expensive
and slow. Machine Learning (ML), by contrast, is like the hare: remarkably fast and
flexible, but frequently used in a black-box manner, lacking interpretability and physical
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grounding. The central aim of this work is to unite these two worlds. We seek to extract
the rich physical knowledge embedded in traditional simulation schemes and distill it into
efficient, data-driven models using ML. In a way, the goal is to build a new kind of runner:
a clever and fast descendant of both hare and hedgehog.

But first things first: Why do computational science and the simulation of physical
phenomena matter in the first place? What is the fundamental role of numerical simulations

in modern engineering and science?

On the one hand, simulations provide predictive power. They offer a means of anticipating
how physical systems respond under specific scenarios. This foresight enables optimization
in system design, informs decision-making, and plays a critical role in safety assessments.
On the other hand, simulations serve as a kind of virtual microscope, offering insights
that would be difficult—or even impossible—to obtain through real-world experiments,
whether due to issues of scale, ethics, or cost. A notable example of the importance of
this “microscopic” capability can be found in a pivotal event of the 20th century.

One of the early drivers of simulation-based structural analysis was not success, but failure:
the collapse of the Tacoma Narrows Bridge in 1940. Driven by wind-induced forces, the
bridge began to oscillate vertically and ultimately collapsed. This dramatic event exposed
the limitations of purely static analysis methods in capturing the complexities of dynamic,
real-world interactions. Subsequent investigations, including wind tunnel experiments,
revealed that wind-induced oscillations was the key contributor to the failure. In the years
that followed, engineers increasingly turned to early computers and numerical simulation
techniques to study structural dynamics in ways that neither theory nor experiment alone
could provide. Today, we are capable of simulating a wide range of dynamic phenomena
to gain deeper insights into the physical world and analyze why the bridge collapsed with
numerical experiments [Larsen00, [ArioliGazzolal5|.

This example also highlights the predictive power of modern simulation-based structural
analysis. Rather than relying solely on expert knowledge or static computations, engineers
can now simulate fatigue, failure, and load-bearing capacity under realistic conditions—be-
fore a structure is even built. A contemporary illustration of this approach can be found
in the structural design of the Stuttgart 21 underground station. The station features a
basement and an architecturally integrated shell roof, both constructed from reinforced
concrete. A High-Fidelity (HF) 3D numerical simulation model was employed to assess
loads and constraining forces acting on the structure and served as a foundation for the
structural design of the reinforced concrete elements [BechmannSchmid24].

One particular branch of structural analysis that forms the fundamental domain within this
thesis is structural dynamics. It concerns the behavior of physical structures under dynamic
loading—such as vibrations, impacts, or varying environmental conditions. Applications

are wide-ranging, spanning aerospace, automotive engineering, and biomedical systems.



One technique that has revolutionized this field is the Finite Element (FE) method
which enables the accurate prediction of structural behavior under various loads and
conditions. It provides a robust and HF representation of complex systems, capable of
modeling systems such as vehicle crashes or physiological dynamics in human tissues.
However, this accuracy comes at a cost: Conventional simulation methods typically require
significant computational resources, long runtimes, and high hardware demands as well as
associated energy consumption. When using such methods, we are often confronted with

a fundamental trade-off—the high-fidelity, high-cost dilemma.

The associated computational burden significantly limits the applicability of conventional
HF simulation methods in many real-world scenarios. One such class of scenarios involves
multi-query problems, where simulations must be performed repeatedly—for example, in
design loops, optimization routines, or safety evaluations. Consider crash simulations: It
is insufficient to simulate a single, idealized collision. Instead, a comprehensive analysis
requires simulations across a range of impact speeds, angles, and collision partners to gain
a realistic scenario-based understanding of vehicle safety.

In addition, many modern applications demand real-time capability. In control systems, for
instance, the system response must be computed on the fly to determine optimal control
actions that compensate for deviations from desired behavior. A further example is digital
twins, where simulation models run in parallel with their physical counterparts to enable

real-time monitoring, early fatigue prediction, and predictive maintenance.

Moreover, there are increasing demands for simulation in contexts with limited computa-
tional resources, such as embedded systems or edge devices. Examples include smartphones,
where privacy concerns or latency constraints necessitate on-device computations, and ex-

tended reality headsets, where power and performance budgets are inherently constrained.

These diverse requirements for speed, responsiveness, and resource efficiency highlight the
limitations of conventional simulations and motivate the use of surrogate models: computa-
tionally efficient approximations that retain essential features of HF models while enabling
faster execution. There are various types of surrogate models, each offering computational
efficiency through different mechanisms. Some are physics-based, relying on simplified
representations of the governing equations or problem-specific assumptions. Others are

purely data-driven, learning system behavior solely from input-output observations.

One of the most powerful and widely used research fields to derive surrogate models
is Model Order Reduction (MOR). This field is primarily concerned with reducing the
dimensionality of a system—that is, decreasing the number of variables required to
describe its behavior—without sacrificing accuracy. MOR techniques typically achieve
this by constructing a reduced basis that captures the dominant features of the system’s
dynamics, often through projection-based methods.
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In the context of MOR, it is common to distinguish between intrusive and non-intrusive
approaches. Intrusive methods operate directly on the mathematical operators of the
HF model and therefore require access to the internal structure of the simulation code.
They accelerate computations by reformulating the governing equations within a reduced
subspace. Non-intrusive methods, by contrast, treat the original model as a black-
box and learn a surrogate solely from data generated via parametric simulations or
other input-output evaluations. These different approaches involve trade-offs in terms
of interpretability, computational speed, and generalization capabilities. The choice of
surrogate model depends not only on the desired accuracy and efficiency but also on the
accessibility of the underlying model and the availability of training data.

When it comes to surrogate modeling of structural dynamical systems, several specific
challenges arise, which will be addressed throughout the course of this thesis. A fundamental
challenge shared across many topics in this work is that of high dimensionality. Conventional
numerical modeling schemes achieve their accuracy through fine spatial and temporal
discretizations, leading to extremely high-dimensional representations of the system state.
In addition, many widely used software solutions for the simulation of those systems are
commercial, meaning that access to the underlying computational operators is restricted
due to proprietary code or intellectual property constraints. As a result, the HF model
often behaves as a black-box simulator. In other cases, the governing equations themselves
may be only partially known—or entirely unknown—further complicating the development

of surrogate models based on physical insight.

Another layer of complexity arises from the multi-physics and multi-scale nature of many
structural dynamical systems. These systems often involve coupled phenomena acting
across different spatial and temporal scales, requiring surrogate models that can handle
such heterogeneity. All in all, the focus of this thesis lies on the development of surrogate
models for high-dimensional, inaccessible systems, where only input-output data from
simulations is available. This situates the work firmly within the domain of non-intrusive
surrogate modeling.

However, learning from data poses its own challenges. The data may be corrupted by
noise—stemming from measurement errors or numerical artifacts, such as those introduced
by numerical differentiation. Moreover, generating high-fidelity data is computationally
expensive, which means the available data is often limited in both quantity and quality.
The goal is to build surrogate models that remain efficient and accurate despite these
limitations—and ideally still respect key physical principles and constraints.

To address the aforementioned challenges, the methods introduced in this thesis are
based on a unified conceptual framework that combines essential principles of MOR
with recent advances in scientific ML. At their core, these methods aim to learn a low-
dimensional latent representation that enables efficient and accurate prediction of a system’s
dynamical behavior. This involves two key steps: First, a (possibly nonlinear) coordinate



transformation compresses essential information of the high-dimensional system state into
a compact and tractable latent space. Second, the temporal evolution of the system is
approximated directly in this new set of low-dimensional coordinates, potentially as a
function of time and system parameters.

This procedure is schematically illustrated in Fig. [1.1, Given high-fidelity data x, a
reduction mapping ¢ transforms the data from the physical state space into a latent
space, yielding latent variables z. A corresponding reconstruction mapping v allows
for the recovery of physical variables from the latent space. Within the latent space,
the dependency of the temporal evolution of the reduced system states on time ¢ and
parameters p are resolved through ML techniques. The mathematical foundations and
algorithmic details of this process are discussed in the following chapters.

coordinates

data » . reconstr.
@c/QOt latent »000%‘

B ‘ space = -
QE : =
dynamics
t)=F(t
E" 2(t) = F(t, z0, p)

z = f(z)
/™
N | \\AW,W\‘
t

Figure 1.1: Schematic illustration of the high-level idea for the surrogate modeling
procedures introduced throughout this thesis. The central paradigm is to compress
essential information about the system into a latent space where the dynamics can be
more efficiently captured.

Throughout this thesis, we explore different instantiations of this framework. Some
approaches treat the latent dynamics as a pure black-box model and are grouped under the
umbrella term Latent Approximation of Dynamics (LADy). Others aim to extract explicit
knowledge from the data by discovering analytic governing equations or latent-space
operators—these are referred to as Latent Discovery of Dynamics (LDD). Specifically,
those methods address the question of how the nonlinear, parametric, and transient
behavior of structural dynamical systems can be captured using a compact coordinate
representation with as few variables as possible. Moreover, we investigate how to identify

meaningful and parsimonious analytical equations that govern the latent dynamics of
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(potentially high-dimensional and parametric) systems. While the focus is on structural
dynamics, the methodology introduced are applicable to broader classes of dynamical
systems. This thesis does not address real-time experimental coupling, evaluation on edge
computing devices, or control loop integration, which are left for future work.

In conclusion, the surrogate models developed in this thesis aim to distill knowledge from
HF physical simulation data. This is achieved by partially retaining physical consistency,
accounting for multi-physics and multi-scale phenomena, preserving system-theoretic
properties, and—most importantly—enabling fast yet accurate simulations for multi-query
tasks, real-time applications, and hardware-constrained environments. In a sense, one
could say that the hedgehog teaches the hare—so that it may combine cleverness with
speed—without relying on deception or brute force.

1.1 Content of this Thesis

This thesis is structured into three main parts. The first part provides the foundational
knowledge necessary for the subsequent chapters. It explains why surrogate models are
essential in computational science and introduces the core techniques used in surrogate
modeling. This includes how high-dimensional system states can be compressed into
low-dimensional representations, and how their temporal evolution—i.e. the system

dynamics—can be captured using different modeling approaches.

The second part focuses on black-box surrogate modeling techniques. Here, various
combinations of MOR and ML are rigorously evaluated, including approaches tailored to
sequential data. In addition, a multi-hierarchic framework is introduced, in which several
surrogate models of varying resolution and fidelity are constructed to address different

aspects of the simulation task.

The third and final part of the thesis explores how analytical equations and latent-
space operators can be extracted from high-fidelity data. These methods place special
emphasis on preserving system-theoretic properties and are particularly designed to address
uncertainty—both in the data and in the resulting models. The specific contents of the
chapters are outlined below, providing a structured overview of the topics covered and the
progression of the methodology and applications presented in this thesis.

[Part I Preliminary| deals with the fundamentals in surrogate modeling, MOR, and
scientific ML.

[Chapter 2 The Heart of Surrogates: Fundamental Concepts for Modern|
introduces the mathematical foundations for modeling physical processes,
with a particular focus on structural dynamics. It then presents HF modeling techniques

and introduces first surrogate modeling concepts.
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|Chapter 3 Shrinking the Problem: Identification of Low-dimensional Repre
focuses on the challenge of dimensionality in numerical simulation models.
It explores the reasons behind high-dimensional representations in classical numerical

schemes and introduces methods for identifying low-dimensional, yet expressive system
descriptions. In particular, the chapter discusses MOR as a key approach for achieving
efficient reduced-order representations.

|Chapter 4 Dynamics Decoded: From Black-box Approaches to System)|

[dentification addresses the second essential component of surrogate modeling: the

approximation of system dynamics. This chapter explores strategies for modeling
dynamics, including black-box modeling and system identification. It distinguishes
between approaches that predict system states directly and those that aim to reconstruct

underlying governing differential equations of the system.

[Part II Latent Approximation of Dynamics| discusses various black-box methods

to create efficient surrogate models.

[Chapter 5 Learning in Reduced Coordinates: Model Reduction Meets Ma+
chine Learning] introduces a general surrogate modeling framework that systematically

combines MOR and ML. It evaluates a variety of dimensionality reduction and regression
techniques, providing practical guidance on which combinations are most effective under
different conditions. The chapter includes a rigorous comparison of the resulting model
variants and also proposes an approach to handle time-varying input parameters.

[Chapter 6 Multi-hierarchic Surrogate Modeling|introduces a multi-hierarchical

surrogate modeling framework designed to efficiently capture both macro- and microscale
features while addressing the challenge heterogeneous computing environments by
constructing a series of surrogates at varying resolutions. For this procedure, the
foundations of Graph Convolutional Neural Networks (GCNNs) and mesh simplification
are discussed, followed by the application of the Multi-Hierarchical (MH) framework to

a numerical case.

[Part 1II Latent Discovery of Reduced Order Models| shifts from black-box
surrogate modeling to approaches that explicitly discover the governing equations of

high-fidelity systems.

[Chapter 7 Structure-preserving Latent Discovery|addresses the task to derive

operators defining interpretable and predictive Reduced Order Models (ROMs) directly
from data. The chapter introduces a structure-preserving model discovery technique
based on the Port-Hamiltonian (PH) formulation, which inherently preserves system-
theoretic properties and is particularly well-suited for multi-physics systems. The
fundamentals of PH systems are presented, followed by a detailed description of the

proposed method. The chapter concludes with numerical examples demonstrating the
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effectiveness of the approach.

[Chapter 8 Generative, Physically Consistent and Uncertainty-Aware Latent|

D y| introduces a novel physical generative modeling framework that unifies
dimensionality reduction, dynamical system identification, and uncertainty quantification
within a variational setting. This approach enables the discovery of interpretable,
compact, and physically consistent ROMs from limited and noisy high-dimensional
data. The chapter presents key components of the framework, including a variational
autoencoder for latent space modeling and a newly developed variational extension
of Sparse Identification of Nonlinear Dynamics (SINDy) prior to results for a set of

numerical benchmarks.

The content of this thesis, hence, bridges the gap between physical modeling and ML
by combining dimensionality reduction, and data-driven dynamics approximation. The
proposed surrogate modeling methods extend the reach of traditional simulations to
real-time, multi-query, and hardware-constrained applications—paving the way for a
new generation of physics-aware, data-driven engineering tools. The key novelties, key
publications, and contributions of this work can be summarized as:

i) A general and extensible surrogate modeling framework for efficient, non-intrusive

modeling of high-dimensional structural dynamical systems.

ii) Rigorous benchmarking of dimensionality reduction and dynamics approximation

techniques.

iii) Development of a multi-hierarchical surrogate modeling approach to efficiently

capture multi-scale effects and varying resolutions within a single framework,

cf. [KneiflEtA124].

iv) Introduction of a structure-preserving model discovery method with guaranteed
physical properties, cf. [RettbergFEtAl24].

v) Development of a generative framework to integrate uncertainty quantification into
interpretable surrogate modeling, cf. [ContiEtAl24].



Part 1

Preliminary



10

Chapter 2

The Heart of Surrogates:
Fundamental Concepts for Modern
Modeling

So follow, follow the sun
And which way the wind blows
When this day s done...

Xavier Rudd, Follow the Sun

Information is the foundation of sound decision-making: A physician must be informed
about the patient’s complaints and symptoms to accurately diagnose him, a politician must
be knowledgeable about the situation in his country to effectively steer its destiny, and an
engineer must understand the properties of a material to assess its reliability in a technical
system. For many complex phenomena, however, the extraction of information is not

straightforward, not feasible at all, or requires the use of costly experimental procedures.

Fortunately, mathematics provides a remedy by offering a language that is capable of
describing the underlying (physical) laws, thereby facilitating a deeper understanding. In
this language, an idealized system, referred to as a mathematical model, is formulated to
represent the physical system. Numerical simulations of such models give us the possibility
to undertake simulations of intricate phenomena, gain insights into complex dynamical
problems; to use them for optimization, control, uncertainty quantification, or to analyze
the system’s behavior under varying, even extreme, conditions. Thus, the so generated

knowledge can help in informed decision-making.

Structural dynamics |[CraigKurdila06] is one area in which such models and simula-
tions play a crucial role. They are used in the development of technical prototypes,
e.g. for determining weaknesses in structure design or the optimization of material
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use, but also represent a ubiquitous tool as digital twin for an entire product life cy-
cle [HartmannAuweraer21], [ChinestaEtAl20]. In particular, structural dynamics represents
a specific branch of structural analysis that pertains to the behavior of a physical structure
when subjected to dynamic forces or loading due to natural phenomena and human activi-
ties. Such structures can range from a simple steel pipe to full-scale vehicles constructed
from a variety of materials, and from man-made objects like machines to biological systems
such as musculoskeletal systems. The response of these structures to loading often involves

forces that are dependent on both displacements and velocities.

This, typically, results in highly nonlinear governing equations of the dynamic system
described as Partial Differential Equations (PDEs) [PazKim19]. PDEs are exceedingly
challenging to solve mathematically and entail a significant computational burden. Usually
they are discretized in space, often resulting in an extremely large system of Ordinary
Differential Equations (ODEs). However, the computational costs associated with these
models limit the resolution of geometric details and the complexity of the considered
physical laws. This either renders the model unfeasible for certain applications or leads
to models that are unusable for simulation-based decisions due to a vast of simplifying

assumptions.

Nevertheless, a multitude of user groups, including domain experts such as researchers,
engineers, and physicians, as well as end-users such as car drivers and athletes, require
direct access to insights derived from High-Fidelity (HF) simulations, i.e. simulations of
high accuracy and strong expressiveness. Consequently, the knowledge extracted from
an initial HF model developed by domain experts must be disseminated to other domain
experts or individual end-users. To achieve this, simulation models must be adaptively
tailored to accommodate the diverse computing environments and applications all offering
different time and hardware limitations. As a consequence, the used models often must be
real-time capable, resource-saving, or suitable for multi-query evaluations. This is one of
the primary motivations for the development of efficient yet accurate surrogate models
that are capable of capturing the high-fidelity counterparts in terms of expressiveness,
while also being cost-effective in terms of evaluation.

Surrogate modeling techniques can be classified into two categories: intrusive and non-
intrusive. The former require access to system information and manipulate the original
high-dimensional governing equations and the original model (hence the term "intrusive”),
whereas the latter treat the HF model as a black-box and solely require input-output
data. This makes non-intrusive methods especially suited for scenarios where the original
governing equations are either not known or where they remain hidden due to closed-source

software, which is often the case in commercial software.

In the first scenario, the sole remaining source material for the derivation of a surrogate
model is data in the form of real-world measurements. In contrast, in the second scenario,

the user is ultimately left with data in the form of simulation results. Once a surrogate
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model is derived in either way it can be queried in the desired application. The complete
workflow, which details the process of transforming a physical system into an efficient
surrogate simulation, is illustrated in Fig. 2.1 It should be noted that alternative types of
surrogate models exist, such as those based on simplified physical representations—e.g.
mass-spring-damper systems—that approximate the behavior of high-fidelity models.
However, this work is not concerned with such types of surrogates.

Prior to an in-depth examination of surrogate models and the methodologies employed
to derive them, this chapter describes how a physical process can be described using
mathematics first. This is followed by a more detailed analysis of a popular modeling
approach in structural dynamics, namely the Finite Element Method (FEM), and according
models.

2.1 High-fidelity Models

Many physical phenomena can be described using parametrized PDEs of the form

Ty = fPDE(w7wx17 CIC 7anX7$X1X17 s 7t7X; l’l’) (21)

where the solution x(¢,x; ) € X is a function that depends on the temporal ¢t € T
and spatial coordinates x = [le"'axnx] € T < R™ (usually a 3-dimensional
space X = [x1, X2, x3] i1s used, n, = 3). Moreover, it is parametrized by external in-
puts or parameters p € P defined on a parameter space P < R™, n,,n, € Ny. Those
parameters can represent material properties, boundary conditions, or (time-dependent)
forcing terms. The nonlinear evolution operator fppg : X x T x T x P — X of

connects the first order time derivative x; = w of the state variable x, i.e. the
temporal evolution, to spatial dependencies including partial derivatives like x,, = %XXW)
Or Ty,y; = % and other factors. Please note that a PDE is, in general, well-defined

only when accompanied by appropriate boundary conditions and, for time-dependent
problems; an initial condition of the form (0, x, @) = @y, where x, specifies the state of
the system at the initial time.

PDEs are used in various scientific fields to describe physical phenomena: Maxwell’s
equations form the basis of electromagnetics, Navier-Stokes equations describe fluid-gas
dynamics, and Schrodinger’s equation can be used to calculate the propagation of waves
in quantum mechanics. Another common example is the heat equation

Ty = U (mx1x1 +oeee anXXnX) ) (2-2>

which finds application not only in heat transfer, but also in diffusion processes, population
dynamics, and many others. In engineering contexts, the parameter y > 0 describes the

thermal diffusivity. However, for most PDEs no analytic solution exists and solving them
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Figure 2.1: Representation of the surrogate modeling workflow, from the physical system
to the generation of efficient surrogate models. The physical system is either modeled (as
a partial differential equation that is discretized as an ordinary differential equation or as
an ordinary differential equation directly) or measurements are taken to obtain a dataset.
Furthermore, the simulation models can be queried to obtain data. In non-intrusive
surrogate modeling, this data is utilized to obtain latent approximators via black-box
modeling or to obtain latent governing equations via system identification. Alternatively,
latent models can be obtained through intrusive surrogate modeling methods. Once
surrogate models are created, they can be employed as rapid simulators, for instance, in
multi-query applications.
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numerically on a continuous domain is difficult. As a consequence, PDEs are usually
discretized with respect to their spatial coordinates, which means that the spatial domain
is divided into a finite number of points, transforming it into a system of ODEs. In order
to achieve this objective, it is often necessary to derive the weak form of the differential
equation by multiplying the equation with a test function and integrating over the domain.
This process ensures that the solution satisfies the equation in an averaged sense and
also lowers the derivative order, making it more suitable for numerical approximation.
The solution is then approximated as a combination of basis functions with unknown
coefficients, which are computed at the discrete points using numerical algorithms. This
approach not only enables the computation of the solution at discrete points but also
allows for the reconstruction of the approximate solution throughout the entire domain.
Consequently, discretizing the weak form of PDEs in space is a fundamental step in solving

them numerically.

Once the system ([2.1)) is discretized, it can be formulated as a set of ODEs

d
&il?(t, H) = f(t7 m(tv /J’)’ /J’)’ teT,

z(0, ) = zo(p)

(2.3)

defined on a time interval T := [to,lena] With tenq > to. The state variables live on a
n-dimensional vector space X = R", referred to as state space. The right-hand side f of
the set of ODEs can be queried to obtain the temporal evolution of the state variables
starting from the initial value xy. Typically, the dimension n » 1 must be chosen extremely
large for the sake of approximation quality. Hence, system is often denoted as Full
Order Model (FOM). The dimensionality renders the model computationally expensive
and drives the demand for more efficient surrogate models.

Mesh-based discretization approaches are very common and operate on a connected mesh
of nodes. Examples are the finite difference method, the finite element method, and
the finite volume method. In contrast, mesh-free methods, as the name implies, do not
necessitate the use of a mesh. A notable example is the method of smoothed-particle
hydrodynamics, wherein data points are treated as physical particles.

2.1.1 Finite Element Method

In addition to numerous other numerical techniques for addressing structural-dynamical
challenges, the FEM has emerged as one of the most prevalent approaches over the past few
decades. In mathematical terms, it is a numerical discretization method that transforms
continuous PDEs into a finite set of ODEs. This is accomplished through the fundamental
concept of FEM, which entails the construction of a complex, continuous system from a
multitude of simpler components, known as finite elements. An exhaustive overview over
the FEM can be found in [BelytschkoEtAll4] or [ZienkiewiczTaylorFox14].
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Finite elements are typically distinguished by a relatively simple geometry, encompassing
structures such as trusses, beams, plates, and shells. The number of nodes at which each
of these elements is connected is dependent on its geometry. The local equations of motion
for one element can be calculated by taking properties such as elasticity, inertia, and forces
into account. Subsequently, the global equations of motion for the overall system are
assembled by combining the entirety of all elements. In the initial stage of the analysis,
each finite element is treated as a free body devoid of external constraints. With the aid
of material laws, trial functions, and d’Alembert’s principle, the local equations of motion
are identified. The selected trial functions are typically polynomials. In the context of
structural problems, they represent the displacement of a point within the element through
the interpolation of the nodal values associated with the element. Please note that the
FEM can also be used for a wide range of other domains, e.g. electromagnetic or fluid
dynamics. Accordingly, other physical quantities as displacements can be considered as

well.

Once the individual equations are assembled in a global definition, the governing equation

of a nonlinear dynamical mechanical system read

M (d(t)) d(t) + Gue (d(2), (1)) = Ceu () (2.4)

with the n-dimensional quadratic and possibly configuration-dependent mass matrix M :
R" — R™ " the vector of internal forces (; : R” x R" — R™ that arise within the
material or structure due to deformation, and the vector of external forces (o : R — R”
applied to the system, e.g resulting from boundary conditions like contact. The nodal
displacements are represented by d € R", with the corresponding velocities d € R" and
accelerations d € R™. For a linear mechanical system on the contrary, the equation
simplifies to

Md(t) + Cd(t) + Kd(t) = Cext (1), (2.5)

see [Hughes00]. Here, M € R™ ™ is the linear mass matrix, C € R"*" the damping
matrix, and K € R™™" the stiffness matrix. The FEM enjoys huge popularity due to its
versatility, i.e. the wide range of possible applications including structural analysis, heat

transfer, or fluid dynamics, and its large generality [Bathel4].

2.1.1.1 Application-specific Finite Element Models Implementation

The Finite Element (FE) models used throughout this thesis are implemented in the
commercial software solution Ansys LS-Dyna [HallquistEtAlO6, [LSTC21]. It is a widely
used explicit simulation program that is employed to simulate highly nonlinear physical
processes, with applications that encompass drop tests, crashworthiness investigations,

impact and penetration, occupant safety, and biomedicine.
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The essential steps involved in FE modeling are (i) the problem definition, (ii) preprocessing,
(iii) solving, and (iv) postprocessing. In the first step (i), the geometry of the system
and its corresponding material properties must be analyzed while a clear definition and
parameterization of the scenario in which the model is tested is developed. For example,
if a new car concept is to be studied in the context of crash safety, its dimensions
could be measured or extracted from Computer-Aided Design (CAD) models, while the
corresponding material properties are taken from manufacturer material specifications or
open-source material databases. Last but not least, the crash scenarios to be considered
can be derived from government regulations or car safety evaluation agencies. In the
second step (ii), the geometry is imported or created in the FE software and discretized
into finite elements, what is known as meshing. The according material properties are

assigned to the elements and boundary and initial conditions as well as loads are defined.

Once the FE model is in place, the governing equations can be derived and solved using
explicit or implicit integration schemes (iii). In the postprocessing step (iv), the simulation
results can be visualized and subjected to an analysis. Furthermore, and this is of
paramount importance in the context of surrogate modeling, the quantities of interest
can be extracted and exported for subsequent processing. Some of the mentioned FE
modeling aspects are visualized in Fig. [2.2] Nowadays, many of these steps are automated
by commercial software solutions so that the end user’s workload is reduced. For example,
they offer the direct import of CAD models, built-in libraries with standard material

properties or automated meshing.

While FEM is typically used for large deformations and stresses in a body where no
significant rigid body motion is involved, another modeling approach usually deals with the
opposite phenomenon: Multi-Body (MB) simulations. It is consequently often concerned
with kinematics (the study of geometric aspects of continuum motion such as rotation and
translation) and kinetics (the study of forces and moments acting on a free body) of large
displacements and rotations but small deformations. In general, a Multi-Body System
(MBS) consists of rigid bodies with a fixed geometry that are coupled to each other and/or
to the environment and loaded with discretized forces. For further details, please refer
to [EberhardSchiehlen06, [SchichlenEberhard14].

2.2 Example Models

2.2.1 A Racing Kart Frontal Collision Simulation

This thesis employs a simplified representative of a crash simulation as an illustrative
example. Explicit solving algorithms are the preferable methodology in such a setting, as

they can handle highly nonlinear problems without numerous iterations and convergence
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Figure 2.2: Some aspects of FE modeling represented for a racing kart. The considered
system is decomposed into its fundamental components, in this case its metallic frame. The
geometry and material properties of these components are then measured and exported
into a FE software. The geometry is discretized into finite elements, and the material
properties are assigned accordingly.
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issues, as outlined in the literature [ChangEtAl07]. Crash simulations are a fundamental
pillar in the enhancement of passenger safety, optimization of designs, and acceleration
of development cycles. They are particularly relevant in integral vehicle safety, which
requires scenario-based testing for the examination of a wide range of driving and collision
scenarios such as those defined by NCAP [EuroNCAP23|. As a consequence, frontal, side,
or gazing collisions must be covered in order to gain a comprehensive understanding of
the safety of vehicles. Simulation models are invaluable in this regard, as they facilitate
evaluations across a spectrum of scenario parameters without the necessity for expensive
physical prototypes.

However, a full-scale safety evaluation of vehicle crash simulations is not the subject of
this thesis, and the model used is intended only as an illustrative example with relevance.
Accordingly, we only consider a frontal crash, which is one of the most frequently occurring
collisions. Additionally, a simplified vehicle model is utilized that is not comparable to
an industry-relevant crash simulation. Unlike full-size vehicle models, it omits certain
components found in more complex systems, such as energy absorption zones, a safety cage
for occupants, and the occupants themselves. Nevertheless, it aligns with the prevailing
conditions found in common crash simulation settings, namely the use of commercial

closed-source software and limited data obtained from explicit simulations.

Scenario Description As mentioned, we consider a frontal collision scenario between
a lightweight racing kart shown in Fig. and a rigid wall with respect to simulation
parameters o € P < R3 and time ¢. In detail, it is parametrized by the impact speed u; €
[5,35] m/s, impact angle uy € [—45,45]°, and yield stress puy; € [168, 758) MPa. The kart
is initialized at the same position through all simulations but with varying speed, which it
maintains until the impact occurs. The collision wall is rotated along the z-axis to adjust
the impact angle, defined as the angle between the normal of the wall and the orientation
of the kart. In addition, the yield stress value uy serves as an adjustment parameter for
the material behavior of the kart. It shifts the effective plastic stress-strain curve (which
corresponds to the course of a typical steel curve), see Fig. .

Each crash simulation has a simulated time of t.,q = 30ms, with results exported at
intervals of 0.3 ms, resulting in n, = 101 samples per simulation. The internal time step
during the FE simulation is much smaller and chosen adaptively. In total, ng, = 192
quasi-random parameter combinations are sampled using Halton sequences. Of these

train

high-fidelity simulations, ni%" = 96 are used to build surrogate models. The simulation
results are organized into a snapshot matrix, X < R™"sia" | which captures the system
states € X < R"™ at various times and across different simulations. Two example

simulations are illustrated in Fig. [2.3d
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FE Implementation As mentioned earlier, an important step in modeling is the choice
of the level of abstraction and the parts of a system to be considered. For a racing
kart, the dynamic behavior depends strongly on the structural properties of its metal
frame [ShiibaFehrEberhard12]. Accordingly, the remaining bodies, such as its wheels,
chassis, rear axle, or rotary joints in the front knuckles are neglected in the modeling
process to trace a more tractable model. In addition, to acknowledge the effect of
the mass introduced by the driver and engine, point masses with the according weight
are introduced to the model. Slight variations of this model have already been used
in [FehrHolzwarthEberhard16l, [KneiflGrunertFehr21], KneiflEtAl24].

The frame itself is realized as a FE model in the commercial software LS-Dyna. It is
constructed from steel pipes, which are modeled as thin-walled tubes using nejen, = 9360
shell elements resulting in n,,q. = 9314 nodes, each with three translational as well as
rotational degrees of freedom. The point masses of the driver and the engine are connected
to the frame at four areas each by lightweight and stiff beam elements, see Fig. The
rigid wall and the ground are built from shell elements with 36 nodes each lying on a 5 x 6
grid on the y — z plane and the x — y plane respectively.

Typical quantities that are of interest in structural dynamical analysis are displacements d €
Rmmede*3 wwhich describe the deformations along the three spatial directions, and stress
measures—such as equivalent stress or von Mises stress—that serve as indicators for
material failure or fatigue. Von Mises stress

2

0° == (0o —0y)° + (0y — 0.)* + (0. — 02)%) + 3(03, + 0o, + 02,) (2.6)

| —

offers the advantage to combine the individual stress components o, 0y, 0., 04y, 0y, and o,
with respect to the coordinate x-, y- and z-axis into a single value. The stress values of all
elements are combined in the stress vector o € R™lem, Ags a consequence, displacements and
von Mises stress are the quantities considered in this work as target values for surrogate
models. Instead of a direct approximation of stress values through data-driven surrogate
models as investigated in a previous study for a continuum-mechanical musculoskeletal
system |[KneiflEtAI23], they can also be derived from approximated displacements using
standard FEM tools as is done in [FrescaEtAl22]. An overview of the data dimensions of
the model is given in Table 2.1}

Model challenges To provide the reader with an intuition for the specific challenges
and complexity of the presented kart simulation model in the context of surrogate modeling
and Model Order Reduction (MOR), it is useful to place it in perspective relative to
commonly used benchmark examples. Often used benchmarks in the context of data-driven
Reduced Order Models (ROMs) can be found in fluid dynamics and include the Navier-
Stokes equation [HesthavenUbbialil8, [DalSantoDeparisPegolotti20], [FrescaManzoni22]

or fluid flow around a cylinder [BruntonProctorKutz16, [LuschKutzBruntonl§)
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light and
stiff beams

elements

(a) Considered racing kart as presented (b) Finite element model implementation of the
in [ShiibaFehrEberhard12] with visually high- frame with the positions of the point masses of
lighted frame. the driver and engine.
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(c) Two example crash simulations of the kart frame. From each simulation four snapshots at
different points in time are used for the visualization and the corresponding parameters are
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stated below.

true stress in MPa

(d) Stress-strain curve defining the material
properties of the kart.

Figure 2.3: Image of the considered racing kart @) and the FE implementation of its
frame (]EI) along with two example simulations of the modeled frame (c|) and the stress-strain
curve @) of the simulated material.
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Table 2.1: Hyperparameters for the kart and occupant numerical examples.

Hyperparam. Kart Occupant
Category
Dimensions n = 27942 (displacements), n = 76233
n = 9314 (stress)
Data Ngim — ]_92, Ngim = 117,
nt = 1027 nt = 807
tena = 0.3ms tend = 1.975s

ContiEtAI23al [OttoMacchioRowley23]. In the context of mechanics, mass-spring damper
chains [MorandinNicodemusUnger23|, RettbergEtAl24] are commonly used. Moreover,
many investigations deal with stable dynamics on an attracting manifold based on single
mode excitations with harmonic inputs [ContiEtAl23al, [ContiEtAlI24]. Other benchmark
models include the 1D or 2D Burger’s equation [PeherstorferWillcox16 [LeeCarlberg20] or
diffusion models on rectangular or cylindrical geometrical domains [BruntonProctorKutz16l,
DalSantoDeparisPegolotti20], [FrescaManzoni22) [ContiEtAl24].

Clearly, all of the listed models represent sophisticated dynamical systems and posses
difficult challenges. Thus, they are extensively used in various fields, including education,
science, and industry. However, for the sake of conducting research we often have to simplify
the traditional examples. Hence, we limit them to 2D problems or simple geometries,
consider low-dimensional parameter dependencies or focus on specific regimes. Moreover,
we simplify physics such as incompressibility and operate in weakly nonlinear regimes,
assume linear elastic forces or linear damping but do not consider multi-physics interaction

or multi-scale phenomena, and have idealized boundary conditions on simple domains.

Needless to say, the kart model itself also is built using strong simplifications and assump-
tions, limitations in the scenario descriptions, and a low-dimensional parameter space.
Nevertheless, the kart model has distinctive features and Table sheds light on them
comparing them to traditional models. All in all, the kart frame represents a sophisticated
nonlinear example with complex irregular 3D geometry and transient dynamics that
is more application-oriented than many standard models used in data-driven surrogate
modeling. It serves as a bridge between traditional academic examples and full-scale
industrial models.

2.2.2 Active Occupant Model

Besides the main model used throughout this thesis, other models are introduced to address

more specialized topics. One of them is an elastic MB model placed in critical pre-crash
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Table 2.2: Comparison of the kart simulation model with frequently used examples in

surrogate modeling and model order reduction.

Chapter 2: The Heart of Surrogates: Fundamental Concepts for Modern Modeling

Feature Traditional Examples Kart Simulation Model
Geometry Often simple (e.g. rectangular, Complex, 3D geometry with ir-
cylindrical, or 2D domains). regular discretization.
Physics Often simplified (e.g. incom- Multi-scale physics using FEM.
pressibility in fluid dynamics or
linear elastic forces in mechani-
cal models).
Dynamics Typically stable dynamics (e.g. Transient dynamics with com-

single-mode excitations, weakly

nonlinear regimes).

plex nonlinearities (e.g. con-

tact, plastic deformation).

Parameter De- Often  limited to  one- Multi-dimensional dependen-

pendencies dimensional dependencies cies affecting material proper-
(e.g. Reynolds number). ties, scenario settings, and ini-

tial conditions.

Nonlinearities Often weak or no nonlineari- Strong nonlinearities due to
ties (e.g. linear damping, linear contact and material behavior.
elastic forces).

Computa- High for full-scale models; low Computationally  accessible

tional Com- for benchmarks. while retaining practical rele-

plexity vance.

scenarios to provide insights about occupant behavior. It is shown in Fig. 2.4a] In those
pre-crash scenarios, the driver (occupant) of a vehicle experiences lateral or longitudinal
displacements through the vehicle’s accelerations. The resulting forces lead to postures
differing the standard seating position. A change in seating position can have a significant

impact on the resulting injury severity [ReedSchneiderBurney92) [BassEtAl99, [Hay22].

The model itself originates from Simcenter MADYMO [SISS20], a software package that
has been developed with a focus on simulating human safety in transport. It incorporates
both, MB and FE solvers. The simulation model includes a vehicle interior with control
panel, and a reactive human body model positioned in the driver’s seat, with hands on
the steering wheel and a fastened seatbelt, as described by [MeijerEtAll13]. The skeleton
is modeled with rigid bodies, while the skin is composed of FE shells to obtain higher
accuracy in contacts with the surrounding interior. The model’s active reaction to applied
accelerations is designed to return to the initial seating position. This is achieved through

1D Hill-type muscles with activation controllers and torque actuators in the spine.
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Scenario description For a given driving scenario including maneuvers such as breaking,
acceleration and steering, the accelerations u(t) € R? of the vehicle’s center of gravity are
applied to the model. For the considered scenarios, the translational accelerations in the
x- and y-directions, as well as the rotational acceleration about the z-axis, lie within the
range [—5.31m/s? 4.48m/s?] x [—6.58 m/s? 5.69m/s?] x [—4.38rad/s?, 1.77rad/s?] with
standard deviations of 1.68 m/s? 1.67m/s? and 0.24rad/s®>. The occupant’s movement is
captured by measuring nodal displacements during the simulation. By excluding static
vehicle interior objects, only the relevant n,,q. = 25411 nodes representing the human

body model’s displacement are considered, see Fig. [2.4b| Each node has three Degree of
Freedoms (DOFs) resulting in 76233 DOFs in total. The total number of simulations is
Neim = 99. Similar to the kart example, the relevant data dimensions and hyperparameters
are summarized at a glance in Table

(a) Active human body model of an  (b) Exported nodes of the human occupant model. The
occupant placed inside a generic ve- skeleton that is modeled as rigid bodies is colored in blue,
hicle interior. while the skin modeled using the FE method is colored

in purple.

Figure 2.4: Occupant model (Eb inside a vehicle as well as a visualization of the nodal
information @ used for surrogate modeling purposes.
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2.3 Surrogate Modeling Methods

The reliable and physics-based HF models are prohibitively expensive to evaluate. As a
consequence, we seek computationally efficient, predictive but accurate surrogate models.
Throughout this thesis, most of the time we consider HF models in parameterized settings,
where we do not have access to the underlying governing equation. Moreover, we pursue
data-driven surrogate modeling and consequently rely on an online-offline split. During
the expensive offline phase, data is obtained from the HF model. This data serves as
basis for the subsequent surrogate modeling process. Once a surrogate is found, it can be

evaluated cheaply during the online phase.

The starting point for the creation of surrogate models is a black-boxr HF model

w(t7 l'l') = F<t7 , w0)7 (27>

where the operator F' represents a solution to (2.3 and is known as flow map. It maps
the simulation parameters p to the solution at time t > ¢y, t € T for a given initial
condition @y, € R™. In this context, T = {t; € T}," describes the considered set of
discrete time points within the time interval 7. Please note that we write (¢, i), omitting
the dependence on the initial condition xy for notational simplicity. In scenarios where
the initial condition is fixed and known, the function indeed depends only on ¢ and p. In
more general cases, the initial condition can be incorporated into the parameter g, making
the shorthand notation applicable without loss of generality. Nevertheless, we state it
explicitly at certain points to emphasize its potential influence on the system’s behavior.

As part of the data collection, the HF model (2.7)) is queried for a finite set of parameters
P = {u; € P}=™ based on the scenario parametrization. The created ny = nyngm
high-fidelity simulation samples, also called snapshots, are assembled in the snapshot
matrix

X = |x(to, 1), - @(tn,—1, 1), - - -, T (toy gy )y - -+ s Xty 1, Mo, ) | € RPZMsim 0 (2.8)

which forms the foundation for the surrogate modeling process. As long as there are
enough samples in the resulting subspace Sp = span{X}, it is supposed that this subspace

approximates the solution manifold

This, in turn, provides grounds for the assumption that a surrogate trained on Sp can also

be used for Sp.

In addition to the data used for the surrogate model creation, often data for validation
and testing is produced as well. Similarly to (2.8), the results from nY® simulations based

sim

on a finite set of parameters are used to form the validation data

XV e RN with n' = nunt? (2.10)

S sim
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test

and the results from n> simulations are used to form the test data

X't e R with nl*t = ngnle (2.11)
While the validation data is used for hyperparameter tuning during the surrogate modeling
process, the test data exclusively serves the purpose of assessing the final results on

previously unseen data.

Problem Formulation In practice, we seek to identify a surrogate model F(t, W, o)
from a chosen family of available architectures F that closely approximates the reference
solution ([2.7)) while achieving computational efficiency given the data X . This inherently
entails a trade-off between accuracy and efficiency, a classic challenge in surrogate modeling.
Hence, we can reformulate our goal as an optimization problem of the form

) 1
min
Fer N

23 La(t, ), &t )

SImM 4o e

st @t m) = F(t, p, @) (2.12)
Zi(t, ,U) = F(ta K, 2130) |

xo = x(to)
T (F(t, o)) < T (F(t, p,x0)),

where L is an objective function measuring the error between the reference & and approx-
imated solutions &, while J is some measure of the computational costs. It should be
noted that the mean of the objective function in is merely an illustrative example;
depending on the specific problem at hand, an alternative measure may be more appropri-
ate. A bouquet of surrogate families and strategies exist for addressing problem ([2.12)),
prompting the question of which is the most appropriate for a given scenario.

2.4 Intrusive Methods

Intrusive methods in MOR refer to techniques that involve modifications to the original
model or its governing equation. They are often a popular choice due to their consistency
with physical laws, high accuracy, and the well-developed theoretical foundation, see
e.g. [Antoulas05, [QuarteroniManzoniNegril6, Benner17]. A more comprehensive outline
with details about specific algorithms follows in Section Many of the intrusive
MOR techniques rely on projection and project the high-dimensional model onto a low-
dimensional subspace. For linear systems like this results in constant reduced
operators. Hence, they can be precomputed and all computations required to solve the

reduced system are performed in the low-dimensional subspace making them very efficient.
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Considering nonlinear systems like , on the contrary, leads to complications. In
this case, the operators are not constant and thus still need to be evaluated in the
full high-dimensional space which severely limits any efficiency gains. This resulted in
the development of hyperreduction techniques such as the discrete empiric interpolation
method [ChaturantabutSorensen10], [PeherstorferEtAll14]. Hyperreduction techniques en-
tail the evaluation of nonlinear functions at a limited set of representative points using
derived basis functions instead of full evaluations. To illustrate, only the results for a
subset of spatial points that capture the essential dynamics are computed; all other points
are interpolated from their results. A more comprehensive list of intrusive methods follows
in Section as well.

However, the fundamental aspect of intrusive methods is also one of their primary lim-
itations: They require knowledge about the original system description to derive low-
dimensional surrogate models. On the one side, this enables consistency with the original
model, the possibility to maintain system-theoretic properties, or to deploy error esti-
mators [GreplPatera05], (GrunertFehrHaasdonk20, FengEtAl23]. On the other side, the
governing equations may not always be fully known or not accessible at all, limiting the
usability of such methods. Furthermore, direct manipulation of the original simulation

code is frequently required, which is tantamount to additional effort.

2.5 Non-intrusive Methods/Data-driven Modeling

Non-intrusive methods in MOR are techniques that do not require the original model’s
governing equations or simulation code. Instead, they are concerned with the generation
of ROMs solely based on the simulation results of the according high-fidelity model.
Consequently, they are also referred to as data-driven methods. Their purpose is to
either derive mathematical expressions based on the available observations, as done in
Sparse Identification of Nonlinear Dynamics (SINDy) [BruntonProctorKutz16], Dynamic
Mode Decomposition (DMD) [Schmid10} [Kutz16, [Schmid22], and Operator Inference
(OI) [PeherstorferWillcox16l, [KramerPeherstorferWillcox24], or to directly approximate
the model’s solution, e.g. using black-box Machine Learning (ML) models. For a more
comprehensive overview on data-driven modeling refer to [BruntonKutz22|] and for a com-

parison of non-intrusive MOR for finite element models to [KaramoozMahdiabadiEtAlI21].

2.5.1 Machine Learning

ML is a branch of Artificial Intelligence (AI) focused on developing algorithms that
enable computers to learn from and make predictions or decisions based on data, without
being explicitly programmed [HastieTibshiraniFriedmani7, [Bishop19]. This enables broad

applications from classification, to regression tasks, reinforcement learning, or generative



2.5 Non-intrusive Methods/Data-driven Modeling 27

modeling among others. In this thesis, we are mainly interested in predicting continuous
quantities based on inputs and consequently focus on regression methods. Of the numerous
available ML methods, Neural Networks (NNs) and Gaussian Processes (GPs) are of special
importance and are introduced in the following. For other popular techniques such as linear
regression [MontgomeryPeckVining13], decision trees [Lohl11), BreimanEtAll7], or support
vector machines [Steinwart0§], the interested reader is directed to the corresponding

references.

2.5.2 Neural Networks

NNs are the foundation of Deep Learning (DL) [Nielsenl8, |Aggarwal23] and one of
the most popular families of data-driven methods due to their considerable flexibility,
which is enabled by a multitude of architectural variations, scalability through parallel
processing on GPUs, and expressiveness emphasized by the universal approximation
theorems [HornikStinchcombeWhite89]. The fundamental methodology underlying their
regression approach entails the linear combination of input variables to generate features,
processed by nonlinear functions. The coefficients defining the contributions of the
individual features can be modified during the learning process in order to better align
with the desired data.

The structure of a NN is composed of successive layers, with any desired number of
neurons. Neurons receive signals from other neurons and process these signals, i.e. they are
mathematical models that process inputs, apply a transformation, and produce outputs,
see Fig.[2.5al The number of neurons and layers as well as the connections of the layers, and
thus the complexity of the network, can be varied and adopted as required. A distinction
is made between input, hidden and output layers. The former represents the input data,
while the latter represents the predicted output data. The layers in between are not
directly observed and are therefore called hidden.

Nowadays, there are a variety of network architectures, for example Recurrent Neural
Networks (RNNs) with neurons that receive feedback. Commonly used representatives are
Long Short-Term Memorys (LSTMs) [HochreiterSchmidhuber97] and its recent extension
xLSTMs [BeckEtAI24]. Moreover, Convolutional Neural Network (CNN) often find appli-
cation in image recognition, while attention-based architectures [VaswaniEtAll7] led to
the recent rise of large language models. Recently, Kolmogorov networks [LiuEtAl24] have
attracted a great deal of attention with an approach that replaces learnable weights with

learnable activation functions and thus alters the basic structure of NNs.

In order to explain the basic concepts of neural networks, we consider one of its most
common and simple representatives: a Multi Layer Perceptron (MLP), i.e a fully connected
feedforward NN. An example of such a network is depicted in Fig. [2.5D] It is called fully
connected, because each neuron of one layer is connected to all neurons of the following one.
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(a) An artificial neuron of a neural network.
Each input [a]l(-l_l), 1 =1,...,ny of the j-th
neuron of the [-th layer is weighted by a corre-
sponding weight [W]g? and linearly combined
along with the bias [b}y). This sum is passed
through a (nonlinear) activation function re-

@

sulting in the output of the neuron [a];’ =

a® (2 W) o) + 8]

that we denote the i-th entry of a vector

) . Please note
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hidden layers

(b) Example illustration of a fully connected
feedforward multi-layer neural network with
three inputs and two outputs. For each neuron
in the two hidden layers, a nonlinear activation
function is applied to the linear combination
of its corresponding inputs. The information is
then propagated forward through the network
from the input layer to the output layer.

as [o], and the entry at position ij of a ma-
trix with [o],.

Figure 2.5: Visualization of the functionality a single neuron @) and of a neural network (IEI)

In general, a NN W tries to approximate a relationship between an input variable o € R"
and the corresponding output variable y € R™ based on an available dataset

D = {(a;,y:)}i24.

by adapting its weights W so that y ~ y = ¥(a; W). Throughout this thesis, subscripts

(2.13)

of the form o;, where i is a number (excluding 0, which is reserved for initial values) or a
lowercase Latin letter, denote the i-th instance of a quantity—e.g. a; and y;, respectively.
In cases where such indexing would conflict with semantic distinctions we instead use

Roman numerals (e.g. oy, oyp) to indicate structurally different quantities.

In detail, a NN computes its prediction as a series of successive transformations

g=U(a;W)=a™( ;Wmo. oaV(a; WD) (2.14)

of the input variables [HastieTibshiraniFriedman17] where n; corresponds to the number
of layers and the superscripts like o) indicate to which layer each term belongs. The
overall weights are composed of W = {W®), b(l)};il. The transformation in the [-th layer

ol = aOW Ot 4 po) (2.15)
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is constructed out of a (nonlinear) activation function a that receives the linear combination

=1) as input. The linear combination

of the outputs of the neurons of the previous layers a
is determined by the weights W® and the bias b"). This information process, i.e the
calculation of the output from the input values, is known as forward propagation, whereas

backpropagation is used in the conduction of training.

Training During training, the estimated outputs gy = ¥(a; W) are predicted in the
forward pass with fixed parameters W, whereupon the errors are propagated back to
adjust the weights with respect to a certain loss function like the Mean Squared Error
(MSE)

1 &
L(W) = — i — i) 2.16
(W)= - ;(y ¥i) (2.16)
One straightforward method for minimizing the loss function is gradient descent optimiza-
tion, in which the weights are updated in the direction of their negative gradient in every
iteration. The ¢-th iteration results in

0
OWi-1

Wi=Wit -4t LW, (2.17)
where the superscript indicates from which iteration a quantity stems from. The learning
rate 7, can be determined before training but also be adjusted during training by the
used optimizing scheme or a learning rate scheduler to account for current circumstances.
Due to the special structure of a neural network, it is simple to calculate its gradients
by the chain rule of differentiation. In general, the weights are not adjusted after every
single prediction; rather, they are optimized only after predictions are computed for a
certain number of samples. This set of samples is called batch and can include an amount
of one sample up to the complete training data set D. Moreover, the complete data set is
processed several times during training. Each of these runs is called an epoch. A common
optimization algorithm used is ADAM [KingmaBal4]

It is standard practice to design a neural network with more parameters than strictly
necessary to approximate the system. This allows the network to learn complex interrela-
tionships, but can lead to the problem of overfitting. Overfitting describes the behavior of
a network that only learns the training data by heart and not the underlying relationships.
Many methods exist to avoid the risk of overfitting, see [HastieTibshiraniFriedman17]

2.5.3 Gaussian Processes

Another popular methodology for regression tasks are Gaussian Processes. Their core
concept is to narrow the space of potential functions that can explain given data by imposing

a prior on the functions first and condition them with available observations second. In
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doing so, they obtain an approximated posterior probability distribution. For a detailed

explanation, please refer to [WilliamsRasmussen006, [SchulzSpeekenbrinkKrausel8].

Similar to multivariate Gaussian distributions, which are defined by a mean p € R"> and
a kernel matrix IC € R">*"e (also referred to as covariance matrix), GPs are defined by a
mean function fi(a) € R"* and kernel function k(ay, ;) (also referred to as covariance
function) for inputs av € R"*. A function f that is distributed as a GP can consequently
be denoted as

f ~ GP(f, k). (2.18)

For a finite number of input samples a, the corresponding function values y = f(a) € R™
then follow a normal distribution y ~ N (u, K) where K is the Kernel matrix obtained by
applying the kernel function element-wise to all inputs so that its entries are defined as

[,

i = rlay, o). (2.19)
It should be noted that the selected kernel function implies a distribution over functions
and gives a higher probability to those that satisfy certain properties, such as smoothness.
The so defined GP can serve as a prior in Variational Inference (VI). Recall that the
notation [o]; is consistently used throughout this thesis to denote the i-th entry of a vector
or, in the case of a matrix, the ¢-th column. Similarly, [D]ij refers to the j-th entry of

the i-th column. For further details, see the notation section.

To illustrate the approach how to obtain the corresponding posterior, i.e. how to condition
the prior with observations, we follow the explanations from [WilliamsRasmussen06].
Consider a training dataset as in (2.13)), where the input samples @ have mean values p =
pla;), i =1,...,ns and observed results y. Moreover, let a, be test samples with the

means p, for which the output y, is to be predicted. Suppose y and y,. are jointly
Gaussian, then
u

Y K K.
o (e <)

In this context, the kernel matrix for the variables in the training input space is represented

’

by IC € R"*"« while the kernel matrix between the training and test data is represented
by IC, € R™ > The kernel matrix among the test variables themselves is represented
by K. € R™*"s_ For this specific test set, the posterior can then be calculated as

Y | Oy, LY ~ N(/J'pa Kp)

with mean p, = p, + KIK ' (y — p) and K, = K — KIK'K,. An example visual-
ization how a GP prior is conditioned with observations can be seen in Fig. [2.6] For
regression, the GP’s mean p, serves as predicted output and the corresponding variance
can serve as an indicator for the reliability of the prediction. During training, the kernel
function’s hyperparameters such as length or scale parameters are tuned to match the

given data.
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(a) GP prior (b) GP posterior

Figure 2.6: In @), three functions drawn at random from a GP prior with zero mean are
shown, whereas subfigure (]ED shows three random functions connecting samples drawn
from the posterior conditioned with four observations.

Chall. 1: Chall. 2: Chall. 3: Chall. 4: Chall. 5: Chall. 6:
Dimension Representation Physicality Accessibility Multi-X Data
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Figure 2.7: Six identified challenges in surrogate modeling of structural dynamical systems.

2.6 Challenges

Despite the plethora of possibilities and algorithms that exist in the present era, the process
of surrogate modelling remains a challenging endeavour. There are major challenges that
restrict the applicability of existing methodologies, exceed their current capabilities, or
impose a considerable computational burden. It is therefore necessary to develop specialized
solutions for individual problems. Throughout this thesis, surrogate models are especially
developed for structural dynamics problems. Prior to this, we will examine some of the
existing challenges in greater detail, particularly those pertinent to this work. A selection
of them is depicted in Fig.

Challenge 1 (Dimensionality). Very often the present data to derive surrogate models
is extremely high-dimensional. This can be the case for simulation data because the HF
model relies on a fine numerical discretization. It is not uncommon, for example, that FE
models have hundreds of thousands or even million spatial DOFs to accurately represent

their physical counterparts. In the case of experimental data, high-dimensionality can
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Figure 2.8: Qualitative illustration of geocentric orbits for a selection of planets l D and
heliocentric orbits @

occur due to the implemented measurement system. Consider measurements taken on a
modern smartphone camera, e.g. a video in full HD resolution. Each frame thus comprises
1920 x 1080 pixels, with each pixel containing information from three channels correspond-
ing to the respective colors, red, green, and blue. Even in this relatively conservative
example, the number of datapoints to be processed for every single frame exceeds six
million.

The processing of such high-dimensional data requires significant computational resources,
both in terms of processing units and memory. Under such conditions, identifying a
system can become an intractable problem due to the difficulty in determining the in-
teractions and relations between that many variables. At the same time, even if a
model is found, what is the knowledge we can extract from it when its sheer dimen-
sionality compromises interpretability and generalizability? Fortunately, the manifold
hypothesis [FeffermanMitterNarayanan16, [GorbanTyukin18] states that a large share of
high-dimensional data observed in the real world are in fact embedded in a low-dimensional
manifold within this high-dimensional space. This tells us that it is not necessary to
operate on the full system state but only on an expressive small number of latent variables.
The question that we are left with is how we can find this low-dimensional manifold.

Challenge 2 (Representation). Physical laws are expressed as mathematical relations
between state variables and their description is closely tied to the coordinate system
in which they are expressed. For a simple mechanical example like a pendulum, the
choice of coordinates can already have a significant impact. A description of its dynamics
in Cartesian coordinates based on the position of its bob is more complicated than a
description in generalized coordinates in the form of its angle (the angle between the
vertical and the pendulum rod) and the corresponding velocity.

A comparable situation can be observed in the context of heliocentrism and geocentrism.
While the orbits of the planets of our solar system appear complex in a geocentric coordinate
system, they can be described as ellipses around the barycenter of our solar system (the
center of mass of several point masses) in a heliocentric one. A simplified illustration
of the orbits is given in Fig. [2.8] It required the contributions of prominent scientists
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such as Kopernikus, Kepler, and Newton to challenge the prevailing geocentric view,
which persisted in many ancient and medieval European civilizations, and establish the
heliocentric coordinate system.

Another example of the profound impact of coordinate transformations can be found
in the context of Einstein’s general relativity. Shortly after Einstein presented his field
equations in 1915 [Einstein15|, Karl Schwarzschild found a solution, designated as the
Schwarzschild metric, for a homogeneous mass under a universal cosmological constant of
zero in the absence of electric charge and angular momentum [Schwarzschild16]. However,
the occurrence of a singularity in his solution at the event horizon of a black hole (the
boundary of a black hole where not even light can escape) puzzled mathematicians
and physicists. It took almost 50 years until Martin Kruskal [Kruskal60] and Gyorgy
Szekeres [Szekeres| independently revealed that this singularity is not a physical one but
a coordinate singularity. Hence, the singularity can be resolved by a transformation of
the Schwarzschild metric into new coordinates, which are now known as Kruskal-Szekeres
coordinates.

In the context of PDEs, it is possible for some nonlinear differential equation to be

linearized by a clever choice of coordinates. Take for example the Burger’s equation
Ty + XLy — [UTyy = 0, (2.20)

that can be transformed into the linear heat equation by substituting & = —2@%".
All these examples underline how crucial it is to find a suitable representation for a given
system by choosing the right coordinate system and emphasize the significant benefits this
can offer. Accordingly, the coordinates used to describe a surrogate model must not only
be low-dimensional but also represent the dynamics. The first two challenges can thus lead
to contradictory objectives as the low-dimensional coordinates are not necessarily suited
to describe the dynamics in meaningful manner. As a consequence, both dimensionality

and dynamics must be acknowledged to find a fitting description for a system.

Challenge 3 (Physicality). A further challenge inherent to data-driven modelling is
the absence of physicality. This naturally constrains the reliability, trustworthiness and
interpretability of the models, rendering them unsuitable for deployment in safety-critical
applications. Furthermore, models based solely on data are prone to overfitting and
exhibit limited extrapolation capabilities outside the training regime, e.g. for long-term
predictions. In [KarniadakisEtAI21] three ways in which physics can enter a ML model
are described: observational bias, inductive bias, and learning bias. Observational bias
describes physicality introduced by the data, i.e. in the observations from physically con-
sistent simulations or real-world measurements. Inductive bias describes prior assumptions
like mathematical constraints that are encoded in the model structure and consequently
are guaranteed to be fulfilled strictly. In contrast, learning bias refers to the process forcing
the training of a model to converge towards solutions that adhere the underlying physics,

e.g. by the inclusion of specific terms in loss functions. As a consequence, the used data,



34 _ Chapter 2: The Heart of Surrogates: Fundamental Concepts for Modern Modeling

the architecture of the surrogate model and the corresponding training objective all need
to be carefully chosen to create reliable, accurate and physically consistent predictions
when required.

Challenge 4 (Accessibility). As previously stated, the availability of governing equations
enables intrusive methods to derive powerful surrogates. Nevertheless, there are numerous
physical processes that remain poorly understood, suffer from erroneous oversimplified
assumptions, inaccuracies in recorded measured variables, or other deficiencies in the
derivation of system properties. Consequently, it is not always feasible to derive governing
equations, or they may not be sufficiently descriptive of the underlying process.

Even in instances where this is not the case, models are often simulated using commercial
software. The companies responsible for developing these software solutions often have little
interest in sharing their explicit knowledge for various reasons. Obviously, one objective is to
maintain competitive advantage and safeguard their intellectual property. Moreover, some
companies have security concerns as open-sourcing could expose security vulnerabilities
and closed-source software enables them to maintain strict quality control. For a more
comprehensive perspective on the debate on closed-source and open-source software refer
to [Raymond99| [WestGallagher(06, [Feller07]. Unfortunately, these considerations often
result in the inaccessibility of the provided software.

Hence, all that remains for the creation of efficient surrogate models is data and limited
information about the system itself. The process of surrogate modeling thus becomes
more difficult, especially regarding the correct choice of coordinates (Chall. [2)) and physical
consistency (Chall. . How is it possible to derive expressive, extrapolative and physical-
aware data-driven surrogates without knowledge about the explicit description of the
underlying system?

Challenge 5 (Multi-X). In practice, numerous physical models are constrained to
a singular domain or scale, and thus only facilitate the simulation of isolated effects.
Conversely, in the context of real-world problems, a multitude of physical phenomena and
coupled processes exists across a spectrum of scales and domains, evolving at varying
rates. Multi-physics modeling is concerned with coupled simulations to acknowledge for
the interactions occurring between domains, while multi-scale modeling deals with the
investigation of phenomena at smaller scales and their seamless integration at larger
scale and coupled simulations. Covering multiple spatial scales is one of driving forces in
(Chall. [1)), as the discretization in mesh-based multi-scale simulations like FE simulations
must resolve the smallest features resulting in exceedingly large dimensionalities. The
surrogates for multi-x phenomena thus must be capable of capturing and coupling different
domains in different time as well as spatial scales.

Challenge 6 (Data). The training of many ML models requires big data, particularly in
deep learning. For many scientific problems obtaining that much data is not feasible. This

is due to the fact that either the measurements themselves are costly and labour-intensive,
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or the phenomenon of interest is inherently difficult to capture in a general sense. For
simulation data, the process of obtaining HF simulation results is often very time- and
power-consuming and hence expensive. Consequently, the amount of available data to
work with is usually severely constrained.

Furthermore, the quality of the data may be compromised by uncertainties and errors
introduced at various stages of the computational or measurement workflow. Aleatory
uncertainties result from randomness or intrinsic variability inherent to a system. This
type of uncertainty is typically irreducible because it arises from natural variability or
random processes that cannot be controlled. For instance, slight variations in machine
performance of a manufacturing process could lead to varying product quality even when
all other conditions are constant. Epistemic uncertainties, on the other hand, result from a
lack of knowledge of a system, such as unknown factors, incomplete data, or an incomplete
understanding of the phenomena and are consequently linked to Chall. [d] For example,
miscalibrated sensors could introduce a wrong bias into a modelling process. The field
of Uncertainty Quantification (UQ), see e.g [Smith24], addresses these topics as it deals
with characterization of uncertainty and the analysis of its propagation from inputs to
model outputs. For a review of UQ in DL refer to [AbdarEtAlI21]. With such sources of
uncertainties and errors that enter at various stages of a computational workflow, surrogate
models must be derived in a high-noise low-data regime. The major task that arises from
that is to design reliable systems from unreliable sources.

Other challenges The list of challenges obviously is not comprehensive and there
exist many more. However, these are outlined as the most significant throughout this
work and are consequently elaborated upon. Besides the aforementioned challenges, more
information can be found in [LavinEtAl21], where motifs of simulation intelligence are
defined along with the respective challenges. In addition, hyperparameter tuning can be an
exhaustive and time-consuming process and a trade-off between physicality and efficiency
or between accuracy and interpretability must often be made.

However, it is not always the case that interpretability and physicality must be in contra-
diction with accuracy. The introduction of knowledge and awareness of constraints can also
enhance the quality of models. The most fundamental laws of nature are often described
by simple, parsimonious expressions that are applicable across a range of scientific fields.
This is a principle that has been established by natural science over the past centuries. In
light of the above, the derivation of parsimonious models can be beneficial in the context
of surrogate modelling, leading to more robust results and potentially better generalization
properties, particularly in the absence of infinite data. For a more comprehensive view
on parsimony for physics-informed ML refer to [KutzBrunton22, BruntonKutz23]. All
of the aforementioned challenges (1-6) are tackled by some of the introduced methods
and surrogate models in this thesis. The following chapter is dedicated to the first two:
Dimensionality and Coordinates.
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Chapter 3

Shrinking the Problem: Identification

of Low-dimensional Representations

Schatten tanzen, die nur wir erkenn’n
Flammend rotes Firmament

Seh’, wie du deine Hand aufhdltst
Ich greif’ nach dir, wenn du fallst

Klangkiinstler ft. Obernaur, Die Welt
Brennt

As mentioned previously in Challs. [I] and [2] the choice of coordinates is crucial for the
effective representation of a system. It is therefore necessary to seek descriptions that are
simultaneously low-dimensional-in order to guarantee efficiency—, expressive—in order to
generalize to a multitude of circumstances and varying dynamical conditions—, as well
as comprehensive—in order to foster interpretability. This chapter is specially dedicated
to the problem of dimensionality of systems. Therefore, it examines the reasons behind
the dimensionality of classical numerical approximation schemes and the methods that
circumvent this issue by identifying low-dimensional representations. One field addressing
this topic is Model Order Reduction (MOR). As the term itself indicates, this process
entails the reduction of the order of models, with the objective of achieving enhanced

computational efficiency.

3.1 Spatial Convergence of Numerical Methods

Recall that it is in general not possible to solve Partial Differential Equations (PDEs)
equations exactly. Consequently, discretization-based methods are employed to compute

approximate solutions by representing the continuous system using a finite set of points
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and basis functions. In system analysis, it is crucial that these approximations capture the
actual physical phenomena rather than artifacts introduced by the numerical discretization

scheme.

However, the simulation results of discretization methods such as the Finite Element (FE)
are determined by the resolution of the spatial discretization. Consequently, increased
accuracy comes at the cost of increased dimensionality and thus computational effort.
This effect is known as spatial convergence describing the rate of change in accuracy for
decreasing element sizes [BabuskaSzabo82|. In consequence of the above, techniques of
refinement were introduced in the context of the Finite Element Method (FEM). These
include h-refinement, which alters the mesh by dividing elements into smaller ones, p-
refinement, which increases the polynomial degree of an element, and the combination of
both referred to as h-p-refinement [BabuskaGuo92]. In the end, the discretization must
be sufficiently fine that alterations in mesh size have neglectable impact on the results.

In this context, singularities as they can occur at sharp corners particularly pose a major
challenge. As a result the discretization must be greatly refined around them. One method
to mitigate this phenomenon is adaptive mesh refinement, which dynamically refines
the meshes only where needed [Plewa05l PerssonPeraire09]. The concept of adaptive
mesh refinement is founded upon the premise that local stresses within a given region
are not influenced by stresses in other regions, as postulated by the Saint-Venant’s
Principle [Toupin65|. Furthermore, multi-scale problems present a significant challenge,
as they require the simultaneous capture of both macro- and microscale phenomena, as
outlined in Chall. [5| In such scenarios, the underlying mesh must be sufficiently refined to
resolve the smallest scales. Multi-grid methods, as described in references [McCormick87,
TrottenbergOosterleeSchuller00], address this challenge by gradually refining a coarse-
grained model in areas of high inaccuracy, thereby achieving the desired level of accuracy.

In light of the aforementioned considerations, it is not surprising that numerous numerical
realizations are of a considerable dimension even if the dynamics of the underlying system
reside on a low-dimensional manifold, i.e. even if the system has a low-dimensional intrinsic
dimension. That means that, rather than stemming from the inherent properties of a given
problem, dimensionality frequently emerges as a consequence of the modeling technique
itself. To showcase this statement, let us consider the kart example from Section [2.2.1]
The numerical model stems from a discretized parameterized PDE with n, = 3 parameters.
The intrinsic dimensionality of the resulting solution manifold is, at most, equal to the
number of parameters p plus one (accounting for time t) under the assumption that the
dynamical system has a unique trajectory for each parameter instance [LeeCarlberg20].
Hence, the intrinsic dimension of this parameterization equals at most r = 4 but the

numerical discretization, however, has over 50000 Degree of Freedoms (DOFs).

A series of FE models of the kart are generated, differing only in their discretization,
to investigate the impact of dimension on qualitative results. Subsequently, crash simu-
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Figure 3.1: Simulations of the FE kart model at varying levels of discretization. The
top row depicts the original discretization, comprising over 9,000 nodes. The second
row represents a coarse version with 1,169 nodes resulting in a mean node distance error
above 13.8 cm, while the last row depicts a very coarse version with 74 nodes resulting in
an error above 15.7 cm over all test simulations.

lations of one and the same scenario are conducted for all discretizations. Despite the
models’ initial conditions being similar, their behavior diverges significantly during the
simulations, as illustrated in Fig. At the end of the simulations, the discretizations
exhibit distinct inclinations, displacements, and deformations, thereby demonstrating
qualitatively different dynamic behaviors. This outcome confirms the necessity of a fine
resolution using the FEM. It should be noted that the results do not represent a proper
convergence study. Furthermore, the coarse models were produced with a downsampling
approach |GarlandHeckbert97| that maintains geometrical aspects but does not employ
a mesh simplification method that is specifically tailored for FE models. Nevertheless,

the results indicate the extent to which conventional methods rely on a high degree of
resolution and highlight the inherent trade-off between accuracy and efficiency.

In conclusion, it is not reasonable to expect numerical models to align with the intrinsic
dimension of a given problem. To enhance the efficiency of the models used, it is essential
to explore alternative methodologies that can effectively reduce the dimensionality.
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3.2 Fundamentals of Model Order Reduction

Model Order Reduction is a cornerstone for the efficient simulation and optimization of
dynamic models, particularly for those that arise in systems with many degrees of freedom.
The primary objective is to simplify those complex, large-scale models while preserving
their essential behavior and accuracy. This is often achieved by applying dimensionality
reduction.

Addendum 1 (A Brief and Incomplete History of Model Order Reduction). First
approaches following this idea arose in the context of superposition methods in the
19th century [Rayleigh96]. Superposition methods approximate the dynamic response
of a system by a superposition of a small number of its eigenmodes determined by
generalized degrees of freedom. A subsequent significant development occurred during
the 1950s and 1960s. During this period, there were rapid advancements in the fields of
linear system theory and control theory, driven by the need for sophisticated technologies
in aerospace applications and the race to the moon. Notable developments include
the concepts of controllability and observability for state-space models, as proposed by
Kalman [Kalman60], which played a pivotal role in the advancement of MOR. Furthermore,
these developments had a considerable impact on the following Apollo space missions, as
evidenced by [McGeeSchmidt85).

The limited computing power and memory available in computers of that time, however,
meant that large models could not be solved in a single step. One of the earliest approaches
to address this problem is Component Mode Synthesis (CMS) [CraigBampton68, |Craig0d,
ParkPark0j|], introduced by [Hurty6d]. In this context, large models are partitioned into
smaller substructures, each represented by different ansatz functions (component modes).
The individual components are subsequently coupled (synthesized) to approximate the global
behavior. In [CraigBampton68], a popular representative of CMS has been proposed in
which the ansatz functions are composed of internal eigenmodes of the substructures and
static deformation modes with respect to corresponding boundary displacements (correction
modes).

In the 1980s, the research was still primarily focused on the input-output behavior
of systems, particularly in the context control applications. These efforts led to the
development of balanced truncation by [Moore81)] for which [PerneboSilverman82] showed
that it preserves stability. The fundamental idea is to preserve the most controllable and
observable states. In detail, a system is transformed into a balanced realization, in which the
states are ordered according to their contribution to the input—output behavior. Then only
the most essential states are kept, and the remainder are truncated to obtain the reduced
system. For further information, please refer to [GugercinAntoulas04, |ReisStykel0§).

In the following decade, Krylov subspace methods [Bai02, |BeattieGugercin05] were devel-

oped to construct Reduced Order Models (ROMs) in such a way that ensures the transfer
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function of the ROM to align with that of the original system. For this, the reduction
approach focuses on matching the first coefficients (moments) of a so-called moment
expansion of the transfer function. Consequently, such methods are also referred to as
moment-matching. One example for such an approach was derived in [FeldmannFreund95).

During the 2000s, an increasing emphasis was placed on nonlinear problems with the
development of hyperreduction techniques. Approaches to tackle nonlinear systems include
the empiric interpolation method [Barrault EtAl0, |Gugercin08] and its variant the discrete
empiric interpolation method [ChaturantabutSorensenl(, |[PeherstorferEtAllj)] that avoid
evaluating high-order nonlinear terms by sparsely sampling and evaluating them. In
the context of FE models, another popular approach is the energy-conserving sampling
and weighting method [FarhatEtAll], [FarhatChapmanAveryl5]. This method involves

evaluating the nonlinearities only for a small subset of elements.

Although data-driven approaches in MOR have ezisted since the 1950s in the form
of Principal Component Analysis (PCA) and its variants, see [Lorenzb6, Sirovich8,
BerkoozHolmesLumley93], it was not until the 2010s that their development gained signif-
icant momentum. The integration of machine learning, in particular, has been a driving
force in this regard, as it enabled new possibilities for the creation of surrogate models
from simulation or experimental data. Among the methods employed were neural net-
works [HesthavenUbbiali18] and Gaussian processes [GuoHesthavenl8]. Others inferred
operators from data [PeherstorferWillcox16]. It should be noted that this list of methods
is not exhaustive and that numerous additional approaches exist. A comparison of MOR

methods in structural dynamics can be found in [BesselinkEtAl15].

3.2.1 Dimensionality Reduction

The objective of dimensionality reduction is to derive a low-dimensional yet expressive
representation of system states, thereby facilitating the efficient and rapid computation of
surrogate models. The objective is therefore to identify reduced coordinates z € Z < R",
designated as latent states, which are embedded within a so-called latent space Z. The
latent space is intended to have a considerably lower dimension r» « n than the original
state space X < R"™. Despite its lower dimensionality, the latent state must nevertheless
be capable of capturing all of the essential characteristics of the original states.

In light of the aforementioned, two coordinate transformations serve as the core of the
endeavor to find the latent variable: a reduction mapping ¢ : X — Z and its reverse,
the reconstruction mapping ¥ : Z — X. While the reduction mapping transforms the
original state into its latent equivalent z = ¢ (), the reconstruction mapping enables the
original state to be approximately reconstructed from the low-dimensional approximation.
Their function composition 1 o ¢ yields the reconstructed state & = 1 o ¢(x) = P (z)

with & ~ @. There are a multitude of methodologies for deriving the reduction and
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reconstruction mappings in the domain of model order reduction, as evidenced by the
literature [Antoulas05], (GuoHesthaven19 BennerEtAI21].

In this thesis, we restrict ourselves to data-driven reduction techniques for parameterized
systems. Hence, recall the problem formulation outlined in Section [2.3, We obtain data
in the form of High-Fidelity (HF) simulations based on a finite number of simulation
parameters p € P within a specified time interval 7. The collected data is stored in
the snapshot matrix X € R™*" where the number of samples n, corresponds to the
sum of samples of all simulations, see (2.8). This data serves as starting point for the
dimensionality reduction of the system.

3.2.2 Linear Reduction Techniques

A well-established methodology for identifying reduced coordinates can be found in linear
reduced basis methods, as discussed in |QuarteroniManzoniNegril6]. Such methods are
based on the mathematical principle of projection. A projection P is defined by two
subspaces spanned by the matrices V' e R™" and W € R™*" respectively. When the
projection matrices are bi-orthogonal, i.e. W™V = I, the projector is defined as P =
VWT. In general, a distinction is made between Galerkin projections where V-= W, and
Petrov-Galerkin projections where V' # W |Antoulas05]. In this thesis, only the former
type of projection is considered.

In the case of the Galerkin projection, the state
xr~T=VVix=Vz (3.1)

is approximated as a linear combination of a relatively small number of reduced basis
vectors {v; € X < R™}I_, stored in the reduction matrix V' = [vy, ..., v,]. The entries of
the reduced state {[z];}I_; serve as coefficients for the corresponding basis vector. In such
a case, the reduction mapping is a projection ¢y, (x) := VT onto the subspace spanned
by V and the reconstruction mapping is the corresponding back projection ¥y,(z) == V z.

For a dynamical system described by a set of ODEs as in (2.3]), the reduced-order dynamical
system is obtained as

az@? ,Ll,) = VTf(t> Vz(ta I*l'); ,Ll,), (32)

and evolves in the r-dimensional subspace Z. Of the many existing reduced basis methods,

two particular reduced basis methods are discussed in detail in the following.

3.2.3 Principal Component Analysis

Principal Component Analysis attempts to approximate state trajectories of a dynamic

system as accurately as possible while projecting them onto an r-dimensional subspace.
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It is one of the most popular and at the same time longest existing methods in the field
of data-driven reduction techniques. It was pioneered by [Pearson01] and [Hotelling33]
in the area of statistics for reducing the dimensionality of data while retaining as much
variance as possible. In the context of engineering, it is better known as Proper Orthogonal
Decomposition (POD) [Volkweinl3]. This term was shaped by the work of Lumley in
the 1960s, referring to it as proper orthogonal expansion, see [BerkoozHolmesLumley93],
and [Sirovich87]. It has been independently discovered in other domains as well and is

therefore also known as Karhunen-Loeéve or Kosambi-Karhunen-Loéve transformation.

The objective of PCA is to identify a set of orthonormal basis vectors that can effectively
represent the snapshot matrix X. To find the basis vectors, the snapshot matrix is
decomposed as

X =UsQ (3.3)

using a Singular Value Decomposition (SVD). This yields three matrices: one orthogonal
matrix U € R™" containing the left-singular vectors as columns, another orthogonal
matrix 2 € R"*™ containing the right-singular vectors as columns, and a rectangular
matrix ¥ = diag(s) € R™*™ with the singular values ¢ € R™"(™") on its diagonal.
Consequently, the left singular vectors can serve as basis vectors, also referred to as
principal components, while the matrix product 3€7 yields the corresponding coefficients.

The magnitude of the singular values ¢ reflects the contribution of the associated basis
vector to the overall approximation. Thus, the singular vectors are usually ordered
in descending order of their singular values [¢]; > [¢], = ... = [¢], > [¢],,; = ... =
§ min(nn)? where we suppose that the r-th singular value is truly greater than its successor.
Hence, if the singular values decrease fast, it is possible to approximate the snapshot
matrix with only the » most dominant basis vectors. Moreover, the rank-r matrix
approximation X ~ X = [U],. [£],, ... []].. obtained from the truncated singular value
decomposition with [U],,. € R, [¥], ., € R™", [Q],, € R™*" is optimal under the
Frobenius norm HX - X HF following the Eckart—Young—Mirsky theorem originally solved

by [Schmidt07]. By exactly using these truncated first r columns of U, i.e. the (most
important) basis vectors, the reduction matrix for a Galerkin projection

Veca = [U],, e R (3.4)

is found. Instead of applying the SVD to the snapshot matrix, an eigenvalue problem can
be solved for its Gramian XTX to obtain the reduced basis vectors as well. The reduction
and reconstruction mapping we seek are in the end obtained as ¢pca(x) = Voo, @
and 1pca(2) = Vpcaz respectively.
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3.2.4 CUR Decomposition

The CUR Decomposition, as formalized by [MahoneyDrineas09], is a low-rank matrix
factorization resulting in a set of three matrices analogous to the SVD. In contrast to
the latter, it does not construct the matrices out of abstract bases, but rather explicitly
expresses them using a small number of actual columns and rows of the original matrix.
This approach offers the advantage of interpretable basis vectors, as they correspond
directly to the original data. Consequently, a present sparsity structure is maintained.

In detail, the matrix is decomposed as
X ~ CUR, (3.5)

where C € R"*"c is composed of a small number of actual columns of X and R € R™®*"s ig
composed of a small number of actual rows of X. The matrix U € R"©*"® is computed in
such a way that the product CUR is close to X. The approximation quality obviously
depends on the selection of rows and columns to construct C and R.

The first step to select them in a meaningful way is to perform an SVD on the data X.
By doing so, the j-th column of X can be approximated as a linear combination of the

first r left singular vectors

T

X1, = (<l U1 9, (3.

i=1
where [€2];; is the j-th entry of the -th right singular vector [€2];. It should be noted that
the columns of X only differ in the corresponding coefficients [€2];; in this representation
which are consequently used for the selection of columns. In the following, we want to
select columns in X that exhibit a correlation with the first r right singular vectors. For

this the normalized statistical leverage score

T

N (Ui (3.7)

=1

is introduced as importance measure. This score forms a probability distribution over the n,

columns. In the next step, a column of X is kept with the probability p; = min{1, cs§"%}

5
where the parameter ¢ grows at most proportionally to ¢ = O(rlogr/€?). In this context,
r and € modulate the parameter ¢ and affect the number of selected columns. The
expectation of the actual number of columns satisfies rc < ¢. The error parameter
modulates the approximation quality in the Frobenius norm that is achieved by at least

99%, see [MahoneyDrineas09]. All selected columns are assembled in the matrix C.

The same procedure is applied to the transposed data matrix X7 yielding R. Once, both
matrices are determined, U is computed as U = C' X R, where o is the Moore-Penrose

generalized inverse. For the sake of a Galerkin projection, only the C matrix serves as
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projection matrix and a state is projected as & = CC'x. As C is in general not orthogonal,
its pseudo inverse is used for projection. The random selection of basis vectors according
to their normalized statistical leverage score ensures that the selected columns (and rows)
form a representative and diverse subset of the data so that not only redundant or nearly
collinear columns are chosen. However, following such a procedure results in different
matrices of varying sizes every time the method is applied. Moreover, the dimension of the
reduced variable can not be chosen in advance. In summary, the reduction mapping using
the CUR decomposition results in ¢cur(z) == Cla, while the reconstruction mapping is
computed as ¥coyr(z) = Cz.

3.2.5 Limitations of Linear Techniques

Although linear reduction techniques are widely used, they have certain limitations. To
assess these limitations, the so-called Kolmogorov n-width
kol(Sp) = inf sup nf = — 2],
dim(X,)<r
= inf dia(, Sp)

dim(X,)<r

(3.8)

is often used to quantify the optimal linear trial subspace ([LeeCarlberg20],
[UngerGugercinl9]). The first infimum in (3.8)) is taken over all r-dimensional lin-
ear subspaces X, of the state space X. The function dko (X, Sp) then determines the
largest distance between the subspace X, and any point & in Sp, denoting the manifold
of solutions to all valid time and parameter, see . Please note that in much of the
literature the dimension of the subspace is denoted as n, which is the reason for the
designation n-width. In , it is chosen to be r to match the notation of this thesis.

If a problem exhibits a rapidly decaying Kolmogorov n-width, linear trial subspaces are
well-founded and have been successfully applied. This is for example often the case for
diffusion-dominated problems. If the Kolmogorov n-width is, however, slowly decaying,
linear trial subspaces often fail to achieve sufficient accuracy, requiring significantly larger
dimensions to produce reliable results [OhlbergerRavel6|. Slowly decaying n-widths often
occur in advection-dominated problems.

In order to investigate the complexity of the aforementioned kart model from Section [2.2.1]
in this regard, let us consider the course of the singular values of the high-fidelity simulation
results X as an indicator of the Kolmogorov n-width. As previously stated, the magnitude
of each singular value reflects the importance of the corresponding reduced basis vector
for describing the data. Consequently, the rate of decay of these values provides insight
into the extent to which the space can be approximated using only the subspace spanned
by the selected basis vectors. When the singular values decay rapidly, it indicates that the
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dataset (which serves as a proxy for the solution manifold) can be well-approximated in low
dimensions, resulting in a smaller n-width. As previously stated, the intrinsic dimension
for the kart parameterization is at most r = 4.

min{n,ns}
i=1
presented in Fig. once obtained for displacement and once obtained for stress data.

The course of normalized singular values [¢]; = [s], /2 ], for the kart model is
With regard to the displacements, it can be observed that, while the first four singular
values make significant contributions of approximately 79 %, the subsequent singular values
still exert a notable influence. Typically, one anticipates an elbow in the course, after
which truncation does not introduce significant errors. However, such behavior is not
observed for the displacements, and the course only flattens out slowly.

For the stress data, this becomes even more apparent and the individual components have
less individual impact leading to a very flat course. The contribution of the first four
singular values to the overall approximation only adds up to about 21 %. In consequence,
the stress data presents a more significant challenge for linear reduction techniques than
the displacements. A comparable phenomenon has also been observed in a previous
study [Kneif[EtAI23]. One potential explanation for this phenomenon can be found in
the order of operations in which these quantities are solved for. In FE computations,
the system is first solved for nodal displacements. Strains and stresses are then derived
from displacement gradients according to the specified material model. Since accuracy
and convergence rates decrease with each differentiation, displacements are subject to
continuity criteria, whereas the stresses are not. As a result, stress discontinuities or
singularities may occur at element edges, requiring localized mesh refinement to mitigate
these effects. Even in less severe cases, it can be assumed that the stresses are less well
distributed than the displacements and thus are more complicated to capture.

Therefore, it can be assumed that linear reduction methods like the PCA, lead to consid-
erable errors when reducing the data to the intrinsic dimension and that a larger number
of basis vectors is necessary for satisfactory approximations. Thus, nonlinear alternatives

to the linear projection-based reduction methods are discussed in the following.

3.2.6 Nonlinear Reduction

Nonlinear reduction techniques provide powerful tools for capturing complex relationships
in data that linear methods may miss. Unlike linear approaches, which assume a direct
relationship between features, these methods are able to model intricate, nonlinear depen-
dencies, providing a richer representation of the underlying structure. To introduce the

advantages of nonlinear reduction methods, let us examine a thought experiment presented
in Ex. [1
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Example 1 (Nonlinear Decoding of Parabola). Consider a two-dimensional dataset D =
{(z1;, x1;) }i2, where the first coordinate x1 = u corresponds to a parameter and the
second xy; = p? to its square. In this thought experiment, we want to reduce that data to
only one dimension from which we can reconstruct the original data. Applying a linear
reduction in the form of PCA to this dataset, will return the xy-axis as basis vector as
the most variance occurs in the second variable. A visualization of this can be found in
Fig.[3.3d. Given the limitations of reconstructing the data as a linear combination of the
basis vector, this is the optimal choice, but it still leaves us unsatisfied as the problem
does not appear to be that complicated.

The use of a nonlinear reconstruction, even in conjunction with a linear reduction,
represents a fundamental shift to the previously described problem. Consider the linear
projection onto the second principal component, i.e. the xi-axis as shown in Fig. [3.30,
While it is not feasible to reconstruct the original data from the projection onto the xy-axis
(Fig. , it is evident that the same data can be perfectly reconstructed as the square
of the projection onto the x1-axis (Fig. . The results demonstrate two key points.
First, enabling nonlinearity in the reduction and reconstruction mapping can enhance the

approximation outcomes. Second, the features that may be optimal for linear reduction

techniques may not be the most suitable for alternative approaches.

3.2.7 Kernel Principal Component Analysis

Kernel Principal Component Analysis (KPCA) was introduced in [ScholkopfSmolaMiiller97]
as a nonlinear extension of PCA. The fundamental concept is to transform the state
onto a higher-dimensional feature space X < R* with 7 » n, where it is more likely to
achieve linear separability. In a next step, PCA is performed on the transformed data
while expensive computations in the high-dimensional feature space are circumvented by
employing the kernel trick.

In detail, a priori unknown nonlinear map ¢ : © — @(x) € X transforms the
states into the feature space, resulting in the transformed snapshot matrix X =
[go(:cl) p(x2) ... @(mns)] € R The goal is to apply PCA to this transformed data with-
out performing it explicitly. For this, recall that a transformed state can be approximated
as a linear combination of the reduced basis vectors or principal components obtained via
PCA as p(x;) ~ >_, [zi],v; with z; = [¢],

. [€2],. Similarly, there exist coefficients &; so

that the principal components can be written as linear combinations of the transformed
states as

Ns

v =Y & e(@), 1=1..r (3.9)

i1
since all solutions lie in the span of ¢(x1),...,¢(x,,). In KPCA, however, the principal

components themselves are never calculated explicitly but only the projections of the
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transformed states onto those components

i=1

vl () = <Z [&Lso(zni)) o(). (3.10)

In this equation, all vectors ¢(x) appear only within scalar products. This enables the use
of the kernel trick that replaces scalar products ¢(x;)T¢(x;) with an appropriate kernel
function

k(@i ;) = (@) p(x;). (3.11)

As a consequence, computations in the high-dimensional feature space dimension (right
side of (3.11])) are replaced with computations in the state space (left side of (3.11])).
Please note that the function ¢ is accordingly not explicitly formulated but only implicitly
defined via the selected kernel function.

The kernel function can be applied to all samples, so that the scalar product ¢(;)Te(x;)
from (3.10)) corresponds to the elements [K], ; of the kernel matrix K € R"*". The kernel
matrix usually needs to be centered, as a chosen kernel function (-, -) generally does not
result in a centered matrix. The coefficients &;,7 = 1,...,ns can then be obtained by
solving an eigenvector equation of the kernel matrix K. With the prescribed approach,
the reduction mapping of the KPCA yields

r

dxpoa(T) = Zv[go(a:) (3.12)

where the projections v/ ¢(x), see (3.10]), are computed using the kernel trick (3.11)). Fol-
lowing this procedure, it is not possible to obtain a backprojection matrix, as the projection
matrix itself is never explicitly computed. Hence, the reconstruction mapping ¥kpca(2)

is usually obtained via kernel ridge regression [BakirWestonScholkopf04]. A recent digest
on KPCA can be found in [GarciaGonzalezEtAI20].

3.2.8 Autoencoder

Autoencoders (AEs) and their variants are arguably the most prevalent nonlinear methods
designed to learn efficient encodings of high-dimensional input data. They are a type
of neural network that attempts to approximate the identity mapping, W, : X — X.
However, they feature a bottleneck in the middle of their architecture, as illustrated
in Fig. 3.4 This bottleneck forces the autoencoder to learn a low-dimensional latent
representation of the input data.

Therefore, AEs can be split at their narrowest point into two functional parts: the
encoder ¢o(x;Wy,) : X — Z mapping the full to the latent state and the de-
coder Pa(z; Wy, ) 1 Z — X reconstructing the full state from this latent state. In this
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Figure 3.4: Schematic representation of an autoencoder.

context, Wy, and Wy, are the respective weights of the individual networks. Consequently,
the autoencoder

T = We(x; Wy, Wy,) : = g 0 ¢e(x) (3.13)

is the result of the function composition of the encoder and decoder. The reduction
mapping accordingly corresponds to the encoder ¢pag(x) = ¢e(x; Wy, ), while the decoder
represents the reconstruction mapping ¥ap(2z) = Y4(z; Wy, ). The AE is trained to
optimize the reconstruction loss

1 & 1 & .
Lrec(W¢e> W’d’d) = n_ Z Hmz - ‘I’ae(wi; W¢e> W’l,bd)Hz = n_ Z ||£13, - 331”2 (314)
5 i=1 5 =1

that measures the difference between the input and its reconstruction.

The concept of autoencoders as a nonlinear alternative to PCA was first introduced in the
early 1990s [Kramer91), HintonZemel93]. Since then their development has been closely tied
to advancements in machine learning and neural network research. Accordingly, they play a
crucial role in deep learning applications such as anomaly detection, image denoising, data
compression, and feature learning. Moreover, one of the most successful generative models
of the 2010s, the Variational Autoencoder (VAE), is based on a similar structure. Other
successful variants include denoising, convolutional, or graph convolutional autoencoders.

Both graph convolutional autoencoders and variational play a significant role in this thesis,
and detailed explanations are provided in the corresponding Sections and [8.1]

3.3 Comparison of the Reduction Techniques

Before presenting additional details on aspects of surrogate modeling beyond the reduction,
which will be discussed in the subsequent chapter, the presented reduction algorithms are
evaluated in comparison to one another. This evaluation is conducted with respect to the

reconstruction capabilities of the algorithms on the kart example, as well as with regard
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to the meaning of the reduced variables in capturing characteristics of the HF model. For

these considerations, the matrix including all reduced training samples

Z = [zl, e zns] e R™"
(3.15)
with z; = ¢(x;), z; e X Vi =1, ..., n,

is used, where the matrix X contains the high-fidelity training snapshots as defined in ([2.8)).
Implementation details on the individual reduction techniques are given in Table [3.1]

Table 3.1: Comparison of hyperparameters for PCA, CUR Decomposition (CUR) decom-
position, Autoencoder, and KPCA approaches.

Approach Hyperparameter Details
Category

PCA -

CUR Sampling strategy =~ Random

Error parameter ¢ 0.4

AE Encoder layer size n x 300 x 150 x 75 x r
Decoder layer size r x 75 x 150 x 300 x n
Optimizer Adam
Learning Rate: 1le — 3
Training Epochs: 400
Batchsize: 128
Data preprocessing Normalization
Regularization Select best weights w.r.t. validation data

KPCA Kernel Polynomial x(z;, ;) = (;Tx; + 350)*
Data preprocessing  Centering

Sampling the Latent Space In order to provide a preliminary comparison of the reduc-
tion algorithms, the impact that variations in the latent space have on the original state
space are presented. This is an approach that is often performed in generative modeling,
particularly in deep generative models like VAEs. However, this tool is rarely considered
in surrogate modeling. Nonetheless, as demonstrated in our publication [KneiflEtAI23],
this approach provides meaningful insights. Therefore, we extend its application to the
kart model for the presented reduction techniques. For this purpose, the value of the i-th
entry of the reduced state [z]; is varied, while all other entries remain constant. Given the

objective of sampling the latent variable within a range that correlates with the variables
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that are observed, we sample it around the mean values

zZ= ni >z (3.16)

s .
z;€Z

occurring in the data. The component-wise calculated standard deviation

il =y [ 3 (= L, =1, (3.17)

S
ZjGZ

is used to define the upper and lower bound of the sampled area of the i-th entry
as (2], + [Zsal;- It should be noted that the mean and standard deviation vary for different

reduction algorithms.

For PCA, CUR, and KPCA, all remaining entries except of the i-th one are set to zero to
observe an isolated view of effects. Accordingly, the lower and upper bound of the sampled
area are defined as

([2]1 i [zstd]i) éia (318)

where é; is the standard basis, e.g. €, = [1, 0, ..., 0]". In contrast, an alternative sampling
methodology is being pursued for the AE because in that case zero entries in the latent
state are not equivalent to no contribution of that variable for the reconstruction. Hence,
all entries of the latent variable are set to their mean value but only the i-th entry is varied
with its standard deviation following

Z + [Zgdl, & (3.19)

The sampled reduced states are then reconstructed and the results of each reduction
algorithm are shown in Fig. [3.5]

In the case of linear reduction methods, the sampling of individual entries within the
reduced space is analogous to the excitation of the corresponding reduced basis vector,
which we call modes in the following for all reduction approaches. For PCA, it can
be observed that the individual modes represent isolated movements such as forward
movements with tilting (mode 1), lateral displacement (mode 2), or deflection of the front
(mode 3). The CUR modes just represent scaled displacement vectors that occurred in
the data itself. Hence, we can observe that all modes include tilting as well as forward
movements but with different levels of deformations.

The interpretation of the modes for nonlinear methods is not as straightforward as it is
for linear methods. Rather than representing the state as a superposition of individual
basis vectors, these methods reconstruct it as a nonlinear function where variables interact
with each other. Therefore, the separation of effects is harder to observe, particularly in

the case of autoencoders. Regarding KPCA, multiple motions can be observed within a
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Figure 3.5: The first modes for the various reduction algorithms are illustrated for the
displacement of the kart example. The reference configuration is depicted in light gray
behind each deformed configuration for reference. For each mode, two states are presented:

one obtained at the lower bound of the corresponding sampling area and one at the upper
bound.
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single mode. For instance, mode 1 combines forward motion with tilting and strong lateral
deformations. It is not surprising that the forward motion and tilting occur so often for

the reduction algorithms, as they are among the most dominant motions.

For the autoencoder, the modes have no direct physical interpretation and manifest
as motions with superposed bizarre deformations. Please note that even if individual
modes appear discontinuous, this does not imply that the autoencoder reconstructs
the kart geometry in a similarly discontinuous manner. On the contrary, the overall
prediction—formed by a nonlinear combination of these modes—results in a smooth
surface approximation, as expected. The individual motions of the AE occur less isolated.
This is not surprising as the decoder represents a chain of nonlinear deformations and
all latent states interact with each other. Nevertheless, it can be observed that certain
motions such as lateral deformations (mode 2 and 3), folding of the front (mode 1 and 4) or
tilting (mode 1 and 4) are still dominant in individual modes. This effect can be partially
enhanced by VAEs, where the latent variables are forced to exhibit greater disentanglement
meaning that isolated effects in the state space correspond to isolated changes in the latent
space. It should be noted that the modes for CUR and AEs are different every time the
reduction methods are fitted and that the modes shown are consequently only examples.

Moreover, the modes are not ordered by importance in contrast to PCA.

Reconstruction Error For the sake of validating the reduction performance, we consider

a relative reconstruction error over a set of states

X - X
. ) . H 2 _ ”X — ¢(¢(X))||2
Ba(X, X) = %, X, (3:20)

that serves as an indicator for the approximation quality for a whole dataset. The results
over a sweep of reduced orders r € {1,2,3,4,5,10, 15, 30,50} are given in Fig.

Notably, the nonlinear reduction algorithms especially pay off in very low dimensions.
This effect is balanced out as soon as more and more latent dimensions are added. Not
surprisingly, the reduction based on the CUR decomposition performs worst as it is a
linear technique that is in contrast to PCA suboptimal. In return, it offers interpretable
and physical modes. Regarding the nonlinear methods, AE clearly performs best when
the reduced dimensionality is close to the intrinsic dimension. However, if the reduced
dimension is increased beyond a certain threshold, the other methods prove to be more
efficacious. The reconstruction abilities of KPCA settles between the results of PCA and
AE for a wide range of reduced orders. For higher ones, it can even achieve the best
results.

Only considering the results obtained for the displacement data presented in Fig. [3.6a]
reveals that increasing the reduced dimension beyond a certain point does not offer any

advantage for the autoencoder, and the performance remains stagnant. This phenomenon
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Figure 3.6: Relative reconstruction error on displacement @ and stress test data (]EI)
Please note that the results for the CUR decomposition and AEs vary for each fit. Hence,
five runs are conducted for each method and the displayed result is the mean reconstruction

error over the runs.

may be attributed to the increased likelihood of the autoencoder becoming trapped in
local minima with an increased reduced dimension. Furthermore, convergence behavior
can be observed for all algorithms, with only minor performance enhancements occurring

in higher dimensions.

Conversely, the stress data demonstrates a divergent pattern, see Fig. [3.6D] It is evident
that even when the reduced dimension is set to higher values, the reconstruction error
undergoes a substantial decrease as the dimensionality increases. Respectively, the superior
performance of nonlinear over linear methods is sustained for a wider range of reduced
dimensions than previously observed for the displacements. A notable observation of the
present results is that the reduction of stress data poses a substantially more substantial
challenge in comparison to that of displacements data. This finding is consistent with the
previous observations regarding the course of the corresponding singular values discussed

in Section [3.2.5

It can be stated that, in general, the linear reduction techniques yields satisfactory recon-
struction results for the kart example, provided that a latent space of a sufficiently high
dimension is considered. It has been demonstrated that nonlinear methods can clearly
outperform their linear counterparts in reducing the system to very low dimensions. Fur-
thermore, it is possible that they yield superior results with a more exhaustive optimization

of hyperparameters.
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3.4 Further Considerations of Desired Attributes of

the Coordinates

A low-dimensional system representation is of significant benefit. However, as stated in
Chall. [2| this is not the sole attribute that the latent coordinates should possess. For
example, many applications favor a linear system description over a nonlinear one to apply
linear control theory or linear system analysis. The entire research field of Koopman
theory [BruntonEtAl22], for instance, is centered around this topic and represents the
dynamics of nonlinear systems with the linear Koopman operator, named after Bernard
Osgood Koopman [Koopman31]. This is accomplished by analyzing functions of the states
rather than the states themselves.

Moreover, the optimality statement of the PCA is only valid regarding the reconstruction.
It does not acknowledge the dynamics of a system itself and thus evolving the state in such
a subspace may lead to larger errors in the overall approximation of a surrogate model.
Hence, in certain scenarios, it is beneficial to consider more than just the reconstruction
quality of the states when constructing the latent space. In light of these considerations,
AEs have a significant advantage over their competitors, as they can be easily customized
to accommodate further aspects beyond the mere reconstruction. This can, for example, be
achieved by enriching the reconstruction loss by additional terms. A more detailed
examination of this procedure will be provided in subsequent chapters. For the time being,
we have derived methods capable of efficiently reducing the dimensionality of a system
from an isolated perspective. In the subsequent chapter, we discuss how dynamics can
be captured in an isolated process, before moving on to combining those two pillars of
surrogate modeling.
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Chapter 4

Dynamics Decoded: From Black-box
Approaches to System Identification

So many people telling me one way
So many people telling me to stay
Never time to have my mind made up
Caught in a motion that I don’t wanna

stop

The Whitest Boy Alive, Burning

The reduction methods that have been considered thus far are capable of identifying
low-dimensional variables to represent high-dimensional states. However, these methods
do neither account for time nor dynamics. Consequently, introducing them in a surrogate
modeling setting represents only the first step in the process of approximating a High-
Fidelity (HF) model. The second step must involve a strategy for capturing the dynamics
and evolving them over time. It is evident that there are numerous possibilities that can
be employed to address this issue. One may endeavor to approximate the solution for
a given setup directly, to evolve the dynamics in a sequential fashion, or to identify an
explicit description of the dynamics. In this thesis, a distinction is made between black-box
modeling and system identification as well as a distinction between methods that aim
to capture the state evolution (e.g. the flow map (2.7)) directly, and methods that aim
to match the dynamics equations, i.e. that mimic the first order time derivatives of an
Ordinary Differential Equation (ODE) or Partial Differential Equation (PDE) defined by

the right hand sides of (2.1]) and (2.3]).

In the context of dynamical systems, black-box approaches are designed to directly model
the state evolution, often without explicit assumptions about physical laws or governing
equations. These methods address the challenge of approximating the dynamics as input-
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output mappings or state transition relationships and predict states based solely on past
observations or input parameters. In consequence, rather than representing the evolution of
a system in terms of differential equations or operators, these methods treat the system as
a functional mapping that relates the time ¢, the current state x(t;), or the parameters p to
a specified state x(t, ). Classically, regression methods such as Neural Networks (NNs) or
Gaussian Processes (GPs) are employed for these tasks. While black-box approaches offer
valuable predictive capabilities, they are not without limitations. By focusing exclusively
on input-output relationships, they frequently lack the interpretability and generalizability
that are characteristic of physics-based methods. Consequently, their performance may
decline when extrapolated beyond the training data or when confronted with scenarios
that fall outside the observed data.

System identification methods [Tangiralal8| BruntonKutz22], on the contrary, aim to
model a system by discovering or approximating the mathematical relationships that
govern its behavior. Unlike black-box approaches, these approaches aim to represent
the underlying dynamics explicitly, often in the form of ODEs or PDEs. Therefore,
they attempt to reconstruct the governing equations from data, enabling not only state
prediction but also interpretability, generalization, and insights into the system’s behavior.
While these methods are powerful, they are often constrained by the assumptions made
about the system’s structure or the availability of noise-free data. Additionally, highly
complex or chaotic systems where the true dynamics cannot be easily parameterized

represent a major challenge.

Addendum 2 (Approaches to Data-Driven Modeling of System Dynamics). A plethora
of methodologies have been proposed in the existing literature that can be placed in one
or the other category or somewhere in between. Physics-Informed Neural Networks
(PINNs) |[RaissiPerdikarisKarniadakis19], for example, pose a compromise of the men-
tioned categories. They directly approximate the solution of an ODE or PDE but penalize
deviations from the solution’s time derivative of a known governing equation. In addition,
although they compute the solution of a PDE as a mere black-box, they can also be
used for parameter identification. They are employed in a multitude of applications in
the approximation of PDEs and beyond. One such example can be found in our own
published work, where we utilized them in the context of model predictive control for

robotic manipulators [NicodemusEtAl22)].

Hamiltonian neural networks |GreydanusDzamba Yosinskilg], on the contrary, learn time
derivatives of coordinates as state derivatives of a Hamiltonian parameterized by a neural
network. The so computed time derivatives can then be integrated in time to evolve the
system. Hence, they are a black-box modeling method (as no explicit dynamics equations
are derived) approzimating first order time derivatives that take conservation laws into
account. Neural ODEs [ChenEtAl18] are a class of deep learning models formulating the

transformation of data as a continuous-time dynamical system. They parameterize the
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right hand side f of an ODFE as neural network and evolve this state using numerical
solvers. This renders them inherently suited to approximating dynamical systems. Neural
Operators [KovachkiEtAI25] learn mappings between infinite-dimensional function spaces,
i.e. their in- and outputs are functions rather than finite-dimensional vectors. Hence,
they can approximate solution operators of ODEs and PDFEs (i.e. solutions of a PDEs for
any boundary condition or parameter setting) instead of a specific instance of the solution.
Fourier Neural Operators [LiEtAI20d] leverages the Fourier transform to parameterize
operators in the frequency domain and Deep Operator Networks [LuEtAl21)] model function-
to-function mappings using distinct networks to encode the input function and the desired

output locations.

In the context of system identification, Sparse Identification of Nonlinear Dynamics
(SINDy) |BruntonProctorKutz10] is among the most popular methods. This method
involves formulating an explicit dynamics equation as a linear combination of function
candidates from a preselected library of functions, with each function weighted by a learnable
coefficient. Dynamic Mode Decomposition (DMD) [Schmid10, [Kutz16], on the contrary,
identifies a state-space model and can be used to analyze spatiotemporal modes (dynamic
modes). Operator inference [PeherstorferWillcox16|, |KramerPeherstorfer Willcoz2j)] is
another method that identifies operators (e.g., linear or quadratic ones) that govern the
dynamics of a system.

An alternative approach is system identification using symbolic regression, which not
only determines the parameters of the governing equations, as in standard regression,
but also discovers their mathematical form. Instead of assuming a predefined equation
structure (as in linear or polynomial regression), symbolic regression explores various
mathematical expressions to find the best-fitting model. Such approaches have been
employed, for example, in [BongardLipson07, |[SchmidtLipson09]. In contrast to predefined
model structures, symbolic regression generates the unknown dynamics as a combination
of elementary mathematical operations and functions. This process is frequently driven
by evolutionary algorithms, such as genetic programming, which iteratively explore and
refine potential equations by searching through combinations of terms and operations. A

categorization of the mentioned methods into the distinctive modeling approaches is given

in Fig. [§.1]

4.1 Black-box Modeling

As mentioned, black-box modeling techniques do not attempt to interpret the underlying
physics of a system, instead they seek to directly represent the state evolution of a system.
In this thesis, it is focused on black-box methods that do not approximate the dynamics

equation but the solution directly.
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Figure 4.1: Qualitative categorization of methods for approximating a dynamical system
into the categories of identification and black-bor modeling, and direct approximation of
the solution or approximation of the dynamics.

4.1.1 State Evolution Modeling

One way to approach the task of creating models to approximate state evolutions, is to
predict the state of a system for a given time instance, initial condition, and parameters
using a regression algorithm 6 : 7 x P x X — X. Hence, they are a direct proxy of the
flow map . In order to train the model, we first need to build a corresponding dataset
out of the available quantities. In this dataset, each state is assigned to the corresponding

input as a tuple following

t; Ns
Dﬂow = { ( i P m(tla Hi, mOz)) } ) (41)

Lo, outputs y; i=1

—_—

inputs o
where the ng samples cover the data of all simulations. It should be noted that the initial
value and time-invariant parameters do not vary throughout the course of one simulation.

In that case, the initial value samples xo; = o, 1 = - -+ = T4y, as well as the parameter



4.1 Black-box Modeling 61

samples p; = py11 = -+ = M1, remain constant for n, samples assuming that [ is the
first sample of a simulation and the samples are ordered. A regression model, such as an
NN or GP, can be directly trained on the dataset to obtain the desired surrogate model.
However, models trained in this manner may be prone to overfitting, and their predictions
may not satisfy the physical constraints. To circumvent this issue, we can incorporate
regularization that accounts for the conditions associated with dynamic systems.

There exist different ways to regularize a regression model F' with dynamics information.
For example, one might know that the time derivatives are only positive, that the rate
of change is limited by some physical constraints, or that the solution fulfills smoothness
constraints. In such cases, it is possible to penalize the model if it violates these constraints.
The dataset is constructed in such a way that the time is an explicit input for the
model. Hence, it is straightforward to derive the temporal derivative of the predicted state

x = %53 = %F(t, W, o) (4.2)
by the surrogate F. When, in addition to the state data, the state time derivatives @
are available as data they can be directly used for regularization. If that is not the case,
the time derivatives can still be computed using numerical derivation methods assuming
that the resolution in time is fine enough and the data is not too noisy. In either way, the
deviation of the time derivative of the regression model and the respective time derivative

data can be used to fit the model in a way that respects the dynamics.

Let’s consider a neural network that approximates the state from time, parameters, and

initial values, i.e the input-output mapping defined in as & = W(t, u, xo; W). We

can formulate a loss function that pushes the model closer to the actual state and at the
same time takes the time derivative evolution into account as
1 & .

LW) = — (@ — &) + Aayn(&; — &:)°, (4.3)

s i=1

where A4y is a positive weighting factor to balance the impact of the individual loss terms.

4.1.2 Exploitation of Sequential Information

The aforementioned approach encounters an issue when time-varying parameters are
introduced. Only considering the parameter p; associated with the time ¢; does not
provide sufficient information to predict the corresponding state x;, as the trajectory that
led to this point is not uniquely defined by this single input parameter but rather by the
sequence of past parameters pq, ..., w; since the initial state. One potential solution is to
pass the entire parameter sequence pertinent to the current scenario as input to the model.

However, this approach is not practical for long sequences and is unable to accommodate
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varying time lengths. Fortunately, autoregressive models offer a better suited way of

exploiting temporal dependencies inherent in the data by sequentially evolving states.

Autoregressive models generate sequences in which the value of a variable at a given point in
time is expressed as a function of its past values. Hence, they are especially tailored to cope
with sequential data as it often occurs in text but also in the time evolution of dynamical
systems. In contrast to the aforementioned approach, these methods evolve the dynamics
in a step-by-step manner and thus are unable to directly predict a state for a selected
time. However, they can yield superior predictive power as they are capable of utilizing
the complete information encoded in a history of states. Popular models include Recurrent
Neural Networks (RNNs) such as Long Short-Term Memorys (LSTMs) or autoregressive
transformers [VaswaniEtAll7] like GPT [RadfordEtAl18] or BERT [DevlinEtAlLS]. Other
models like temporal convolutional networks exploit information stored over a temporal

sequence by moving a filter around a state sequence.

In our setting, we aim for sequence-to-sequence learning from an input sequence repre-
senting the time-varying parameters to an output sequence representing the system states.
Accordingly, the input-output mapping we want to learn is defined by the dataset

MNsim
seq . Mo, Kyl
D4 = s , (@14, .oy Ty ) , (4.4)
Zo, Zo,1 —_— i
\ -~ ~ output sequence Yi,i,-..; Yny,l -
input sequence o i, ..., Oty 1

that covers all ng, trajectories each obtained from a single simulation. Please note that
the i-th state, i.e. the state at time ¢;, of the [-th simulation/trajectory is abbreviated as

x;; = x(ti, By, Toy). A analogue notation is used for the other quantities.

Recurrent Neural Networks Consider sequential data in the form of an ordered
time series Y14, ..., Yn,,; along with a corresponding input sequence oy, ..., oy, as
in . Recurrent neural networks, including LSTMs, store temporal information from
previous samples of a sequence in a hidden state h € R™ using feedback connections,
see e.g. [Aggarwal23]. In a standard recurrent network, the hidden state h; and the
output y; € R™ for the j-th prediction in a sequence are defined as

h]‘ = ah(Whaaj + Whhhj_l + bh) = fh(aj, hj—l) (45)
yj = Cly(Wyhhj + by) = fy(aj, h'j—l)a (46)

where a; € R" represents the j-th input, Whe ¢ Rm>xne ig the input-to-hidden weight
matrix, Wh" e R™>™ is the hidden-to-hidden weight matrix, and W¥" € R"w*" ig the
hidden-to-output weight matrix. The biases are given by b"* € R™ and bY € R™, while
a” and a¥ denote the activation functions of the hidden and output states, respectively.
Accordingly, the same weights are shared across all predictions, ensuring that the same
underlying functions are applied to all elements in the sequence. Additionally, due to the
recursive nature of , RNNSs can process sequences of varying lengths.
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Figure 4.2: Structure of an LSTM block with pointwise operations ¢ and neural network
layers for the gates with sigmoid activation functions restricting their output to (0, 1),
which corresponds to either a closed or open gate. Additionally, represent layers
with a tanh activation function. The gate units g]f-, g} and g7 control the data flow.

Time-dependencies are propagated through the hidden state.

Long Short-Term Memory Networks Classical RNNs suffer from vanishing or
exploding gradients. To address this limitation, [HochreiterSchmidhuber97] proposed
to use gates to maintain a constant error flow through internal states. Their proposed
networks are referred to as long short-term memory networks. The structure of an LSTM
block is shown in Fig. and can be described by

g; =sigW'[h]_;, of]" +b) & =tanh(W* [h]_;, o]]" + b.)
g; =sigW' [h]_,, of]"+b)  s;=g;s;.1+9)5, (4.7)
g; = SisW* W], al] +8) b, =g} tanh(s,).
The cell state s € R™ provides long-term memory capabilities, while the hidden state h €
R™ acts as the cell’s output. The weight matrices W Wi We, We e Rmnx(mtna) and
biases b, b', b°, b° € R™ govern the internal computations. In this framework

o the forget gate g§ e R™ determines whether specific information is retained in the

cell,
o the input gate g} € R™ controls the incorporation of new information into the cell,

« the output gate g7 € R™ specifies which information is passed from the cell to the

next layer or time step.
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All gates utilize a sigmoid activation function sig(-). For a detailed discussion of LSTMs,
refer to [HochreiterSchmidhuber97].

Typically, a single LSTM block, as defined in , is reused recursively across all time
steps to form an LSTM layer. Multiple such layers can be stacked in series to construct a
deep LSTM network. In the final layer of the network, the hidden states correspond to
the network’s output, i.e. y; = h;. Consequently, the multi-time-step dependency is also
reflected in the output, and the size of the last layer must match the output dimension R".
For the first time sample of a sequence, the hidden and cell state are initialized often as
zeros since there is no previous track of them.

4.2 System Identification

A mathematical description of a system should be expressive enough to cope the dynamics
present in the data, yet simple enough to be interpretable. Although these objectives
appear to be in opposition, they are not necessarily incompatible in practice. A par-
simonious identified model, i.e. a model in a sparse representation that constitutes a
minimal set of terms and parameters, has frequently been shown to be more effective
than a model with an arbitrary number of terms and parameters. It employs the fewest
coefficients or basis functions necessary to fit the data, often resulting in greater robust-
ness, superior generalizability and reduced risk of overfitting. Additionally, it is more
accessible for analysis and interpretation. In light of the aforementioned points, it can
be concluded that parsimony can be employed as an effective regularizer for dynamical
systems [KutzBrunton22) BruntonKutz23]

One method for enforcing parsimony is sparse regression, which aims to identify a model
with a minimal number of non-zero coefficients by enforcing sparsity in the solution. The
fundamental concept is to fit a model to data while minimizing the number of terms
included in the model. The method that transfers this idea to system identification and
that is adopted throughout this thesis is SINDy.

4.2.1 Sparse Identification of Nonlinear Dynamical Systems

SINDy |[BruntonProctorKutz16] is designed to approximate the dynamics of a system as an
ODE of the form . To achieve this, the right-hand side of the equation is approximated
as a linear combination of terms drawn from a library ©(x, u) € R"® of ng candidate
functions of the states and parameters. This library is often composed of constant and

polynomial functions, trigonometric terms, or combinations of these, e.g.

O.p) = [Llal,.....lal, [ .., ], ....sin((a),). ]y cosle),). .| (48)
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The individual terms in the library are weighted by corresponding learnable coefficients = €

R™™e and the dynamics are approximated as
& = f(x,p) ~ EO(xz, p). (4.9)

The selection of candidate functions is typically guided by prior knowledge of the physical
system, such as known dependencies on state variables or parameters, to ensure both
accuracy and interpretability. As previously mentioned, SINDy uses sparse regression to
estimate the coefficients in =, identifying only the most relevant terms from ® to approxi-
mate f. This sparsity-enforced approach yields parsimonious models that strike a balance

between accuracy and simplicity, preventing overfitting and enhancing generalizability.

In order to ascertain the most suitable coefficients, we construct a dataset in accordance to

Ns
xL; .
DSINDY . N : (4.10)
i — .
, outputs y; i=1
inputs o

In contrast to the preceding methodologies, the objective is not to disclose the corre-
sponding input-output mapping, but rather to utilize the data to determine the optimal
coefficients 2*. One approach to this problem is to employ least-squares with ¢; or /,

regularization so that

— 1l - 2 —_2
= arg min; Z & — EO(xi, mi)ll + Ao - (4.11)
i=1

Often Sequentially Thresholded Least Squares (STLSQ) is applied where coefficients below
a threshold value are iteratively removed to promote sparsity. Once the system is identified,

it can be evolved in time using numerical time-stepping schemes.

SINDy is particularly effective for systems with low-dimensional dynamics, where the
governing equations are dominated by a small number of key terms boosting the importance
of dimensionality reduction. Moreover, the choice of the library plays a crucial role in
the success of the method. A rich library improves expressiveness but may increase
computational cost and risk of overfitting, while a sparse library may limit the model’s
capacity to capture complex behaviors. Extensions of SINDy also exist for low-data and
high-noise regimes, e.g. using ensembles [FaselEtAI22], or for high-dimensional systems

utilizing autoencoders |[ChampionEtAIl9)].

4.3 Discussion and Comparison

The aforementioned methods all have their justification and should be selected according

to the circumstances defined by the model that is to be approximated. Take for example
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the kart frame crash simulation example from Section [2.2.1] It is a contact problem that
exhibits non-smooth dynamics due to the sudden change in forces as the impact occurs.
While the standard libraries in SINDy typically include smooth functions and cannot
represent such certain changes in dynamics, extending the library to include discontinues
terms can complicate the sparse regression process and introduces numerical challenges.
Hence, such identification methods might not be suitable for use in this particular context.
However, they may be the best choice when the analysis of the identified system is of
crucial importance or when evaluation of the model must occur beyond the parameters of
the training regime. Additionally, identified models can be used for tasks like continuation,
enabling analysis of system behavior under extended conditions.

Black-box approaches, on the contrary, can be used for the kart example, see
[KneiflGrunertFehr21l, KneiflEtAlI24]. These methods excel in modeling high-dimensional
systems and can be computationally more efficient in such cases. However, black-box
models often lack transparency, providing limited insights into the underlying system
dynamics. They also tend to perform poorly when extrapolated outside the training data.
As a result, the choice of approach for a specific problem must balance several factors,
including the desired depth of analysis, the availability and quality of data, the system’s
properties, and the intended deployment use case.

4.3.1 Numerical Experiments

To provide a preliminary assessment of the aforementioned approaches and validate
the aforementioned statements, a series of three preliminary numerical experiments is
conducted, offering insights into strengths and limitations in controlled environments. Two
of the example are represented by the already known kart and occupant example, see
Section and Section [2.2.2] For these examples, the surrogate modeling task is to
approximate time trajectories of single nodes as we do not want to cope with dimensionality
reduction at this point. For the kart, a node in the front of the model, where the greatest
deformations occur during the collision, is selected. For the occupant, a node in his head,
which undergoes the most movements, is selected. The third model is represented by a
simple ODE

d 2
—x(t = t — 0.25x(t ith ¢

zo(p) = (0, ) =0

where the parameter p is sampled randomly from a uniform distribution over [0, 3), the
time interval is chosen to be 7 = [0, 3]s, and the initial condition is set to zero. In
total, ng, = 100 simulations are conducted with varying parameters, from which 50 are
used for training, 25 for validation, and 25 for testing. The training data is truncated after

1.5s so that the models can be tested regarding their time extrapolation qualities.
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4.3 Discussion and Comparison

For all three models, surrogates are created in accordance with the descriptions provided

in Sections 4.1.1, 4.1.2] and 4.2.1] Specifically, a black-box model is employed to directly

mimic the flow map in the form of an Multi Layer Perceptron (MLP), an LSTM is utilized
for sequential modeling, and SINDy for system identification. The corresponding choice of
hyperparameters is given in Table 1.1} Please note that the first two examples are governed
by second-order ODEs. Hence, this structure is enforced in the identified dynamics by

SINDy as well, by augmenting the states with their first order time-derivatives following

@ . (4.13)

xr

d |z .

Table 4.1: Comparison of hyperparameters for Neural Network, LSTM, and SINDy

approaches.

Hyperparameter Black-box Sequential System Identifica-
Category tion

Model MLP LSTM SINDy

Model Structure Number of layers: 3, Number of layers: 3, Library  functions:

Neurons per layer:

128 x 128 x 128

Hidden units per
layer: 64 x 64 x 64

polynomial functions
up to degree of 2

with interactions

Trainable Param-
eters

Kart: 34,051
Occupant: 34,051
Simple ODE: 33,537

Kart: 83,907
Occupant: 83,907
Simple ODE: 83,521

Kart: 27
Occupant: 18
Simple ODE: 6

Training Regular-

Dropout rate: 0.2

{y-regularization

ization parameter: 0.05,
Threshold for
STLSQ: 0.1

Optimization Adam optimizer, Adam optimizer, STLSQ

Learning rate: 1073,
Batch size: 32

Learning rate: 1073,
Batch size: 32

Data Handling

Epochs: 2500,

minmax scaling

Epochs: 10000

Numerical derivation

of time derivatives

Output Control

Activation: selu,
Loss: Mean Squared
Error (MSE)

Activation: tanh and
sigmoid,
Loss: MSE
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For the performance comparison, a sample-wise normalized error

’ o 2y (i, )l

is used, where &(t, ) represents the state approximation of the surrogates. In addition,

(4.14)

an overall relative error for the test dataset

HX X
2 (4.15)

B (X, X) =12
(X, X) = "=,

serves as scalar performance measure. The results are presented in Fig. 4.3 It should be
noted that the models are implemented for the sole purpose of comparing the different
approaches under varying problem settings. Thus, they represent rather basic models
without extensive hyperparameter optimization, as opposed to very sophisticated ones.
Evidently, the individual approaches possess the capacity to be extended and optimized to
yield superior results. However, the objective of this preliminary comparison is merely to
provide a rudimentary comparison and more specialized approaches will be addressed in

the course of this thesis.

As anticipated, system identification (SINDy) encounters challenges in its attempt to
replicate the dynamic behavior of the kart crash simulation, resulting in a fast increasing
error over time. In contrast, the black-box model capturing the flow aligns with the
dynamics throughout the whole simulation time with a notable degree of accuracy. The
sequential model (LSTM) demonstrates a comparable initial error but subsequently fails
to capture the dynamics. This deficiency can be attributed to the input sequence for the
kart consisting solely of constant parameters not providing any useful historical insights.
Additionally, the hidden state sequences themselves are unable to induce information

regarding the time point of the crash and the subsequent deformations.

The tides turn, considering the occupant example. The performance of the black-box
model, which operates within the confines of a specific time frame without incorporating
historical data, is found to be suboptimal. In contrast, the sequential model, which
incorporates the information about the entirety of the data, yields the best outcome in
this comparison. It is noteworthy that the system identification approach does not yield a
practical model. This can be attributed to several factors. Second-order problems present
a particular challenge, as second-order derivatives are often more prone to noise, and
errors can propagate rapidly. Additionally, the very simple library employed for model
creation is evidently insufficient in terms of expressiveness. However, more sophisticated
libraries led to unstable dynamics. It should be noted that, in theory, the stabilization of
the system through the incorporation of a stable higher-order polynomial term is possible.
However, this is not the focus of the present investigation.

In the case of the simple ODE example, both the black-box and sequential approaches

fail to extrapolate over time. While they demonstrate exceptional performance within the
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(c) simple ODE (time extrapolation highlighted as red background)

Figure 4.3: Normalized error for the displacements of one node over time (left) and
overall error (right) for the kart model @), the occupant model @, and the simple ODE
example (c)). The individual test trajectories are drawn transparently, while the mean
value of all test simulations is shown opaquely.
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training regime, they entirely fail to capture data beyond the observed range, leading to
a dramatic increase in error. In contrast, the system identification approach effectively
addresses this challenge by successfully identifying the underlying governing equations.
This highlights scenarios in which system identification outperforms conventional data-
driven methods, demonstrating its robustness and predictive capabilities beyond the

training domain.

It is evident that the presented examples are deliberately designed to expose the limitations
of the aforementioned numerical approaches, demonstrating their inability to effectively
address all scenarios. However, this is the whole intense of the presented results: varying
problem settings necessitate diverse approaches, and numerous methodologies exist for
addressing these problems. This shows that capturing the dynamics themselves is already a
challenging endeavour. Nonetheless, the subsequent sections of this thesis will demonstrate
the feasibility of achieving this, even for high-dimensional systems, across a range of
scenarios.
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Latent Approximation of Dynamics
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Chapter 5

Learning in Reduced Coordinates:
Model Reduction Meets Machine
Learning

FEs una obsesion.

Aventura ft. Judy Santos, Obsesion

We have previously explored two fundamental pillars of data-driven surrogate modeling:
the efficient identification of low-dimensional coordinates for high-dimensional systems,
and the approximation of system dynamics purely from data. In the following, these two
components are blended together to construct surrogate models that are both efficient and
accurate in capturing the behavior of high-dimensional structural dynamical systems.

It is important to note that we consider scenarios in which the High-Fidelity (HF) models
used for data generation are embedded within commercial simulation software, which
conceals their internal structure and renders the system operators inaccessible to the user.
As a result, the proposed subsequent methods are placed in a context where they must
address the challenges outlined in Challs. [I} 2] and [4], namely, managing high dimensionality,
identifying appropriate coordinate systems for representing the system’s dynamics, and
operating without access to the underlying physical models. While the methods presented
in this chapter focus on these challenges, subsequent chapters will focus on tailoring

specialized approaches to address additional emerging challenges.

At the core of all methodologies discussed here lies the shared principle of (i) discovering a
low-dimensional representation of the system states and (ii) approximating the correspond-
ing dynamics in this latent space. We distinguish between two overarching strategies for

modeling these dynamics: black-box modeling and system identification. In the current
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chapters of Part [l we focus on black-box approaches for learning latent dynamics, which
we collectively refer to as Latent Approximation of Dynamics (LADy). These methods
typically model the latent dynamics by learning the mapping from some input variables to
the latent state representation. In contrast, the chapters in Part address the explicit
derivation of interpretable, analytic equations for the latent dynamics, which we denote as
Latent Discovery of Dynamics (LDD).

Early efforts that can be placed within the LADy framework leveraged linear dimensionality
reduction techniques in the form of Principal Component Analysis (PCA), coupled with cu-
bic spline interpolation to capture parametric variations [BuiThanhDamodaranWillcox03].
However, with the increasing availability of data and the rapid advancement of ma-
chine learning, the field has experienced substantial growth over the past decade. In-
fluential representative examples of this evolution can be found in [HesthavenUbbialil§),
WangHesthavenRay19|, where PCA is used to extract a low-dimensional subspace, and
neural networks are employed to model the reduced dynamics of parameterized Partial
Differential Equations (PDEs). FExtensions of this concept to time-dependent prob-
lems have also been explored, for instance in [GuoHesthaven19]. Other works, such
as |[Le GuennecEtAlIl§], rely on regression methods in combination with linear reduction

via the CUR Decomposition (CUR) decomposition.

Nonlinear dimensionality reduction methods have also gained significant attention. For
example, Kernel Principal Component Analysis (KPCA) combined with neural networks
as used in [SalvadorDedéManzoni21]. Moreover, Autoencoders (AEs) are widely applied
in both intrusive and non-intrusive settings: they are used to construct Reduced Order
Models (ROMs) from governing equations [LeeCarlberg20], and in purely data-driven
contexts to learn latent dynamics via neural networks [EFrescaDedeManzoni21]. Recent
works, such as [RegazzoniEtAl24], further extend this idea by using latent dynamics models
with neural Ordinary Differential Equations (ODESs). Numerous hybrid approaches have
also emerged, combining various linear and nonlinear reduction techniques. For example,
autoencoders have been used to complement linear subspaces [ShenEtAl21], or stacked in
a two-stage reduction process, where a first-stage linear reduction simplifies the system
to an intermediate level, followed by further nonlinear refinement via a second reduction
method. Examples of such approaches can be found in [FrescaManzoni22l, [ContiEtAI23b|
ContiEtAlI24] RettbergEtAl24].

In the field of structural dynamics, these techniques have been successfully applied in several
application domains. For example, in the modeling of Micro-Electromechanical Systems
(MEMs) systems [FrescaManzoni22, [ContiEtAI23b], and in crash simulation scenar-
ios [Le GuennecEtAl18| [KneiflGrunertFehr21] [KneiflHayFehr22b| [KapsCzechDuddeck22],
where traditional modeling techniques are often too computationally expensive for

real-time or iterative use.



74 Chapter 5: Learning in Reduced Coordinates: MOR Meets ML

The existing literature demonstrates that surrogate models are generally effective at
approximating displacement fields, i.e. the spatial configuration of structural systems.
However, other physically relevant quantities such as stress have often been neglected
or only estimated in a post-processing step using conventional finite element tools, as
seen for example in [FrescaManzoni22]. Although such surrogate modeling techniques
are frequently presented as universally applicable, in practice, significant differences and

specific challenges arise depending on the physical quantity being approximated.

To address this gap, we previously conducted a detailed investigation into the approximation
of both displacement and stress in a continuum-mechanical musculoskeletal model of the
human upper arm [KneiflEtAI23]. However, that study was restricted to quasi-static system
responses, and the methods were not extended for dynamic scenarios. Consequently, the
kart crash example introduced in Section serves as the benchmark scenario for the
upcoming surrogate modeling tasks. Here, we aim to investigate the performance of
surrogates to capture the kart’s dynamic response during a crash event not only for its
deformation field but also it’s internal stress distributions.

In addition, most existing studies focus on specific combinations of a single dimensionality
reduction method with a single regression technique. This overlooks the wide range
of possible method combinations and their potentially differing suitability for specific
quantities and applications. Therefore, one of the key goals of this investigation is to
evaluate which combinations of reduction and regression methods are most appropriate
for various types of physical quantities and structural dynamics use cases.

Through this study, we seek not only to demonstrate the applicability of surrogate models
in structural dynamics but also to provide a broad algorithmic comparison along with
practical design guidance. In doing so, we aim to support and inform future research in
this field. Specifically, we investigate the strengths and limitations of both linear and
nonlinear dimensionality reduction techniques in their ability to approximate different
physical quantities in dynamic structural systems. The dimensionality reduction methods
under consideration include the CUR decomposition, the widely used PCA, its nonlinear
extension, KPCA, and fully-connected AEs as a further nonlinear alternative.

In one of our previous publications [Kneifl GrunertFehr21], we conducted a comparative
study of various regression algorithms for their suitability within the LADy framework,
in combination with PCA, applied to a simplified version of the kart crash scenario
considered here. It is important to note that the approach proposed in that earlier
work differs fundamentally from the methodology presented in this chapter: it followed
an autoregressive scheme, where each state is predicted based on the previous one. In
contrast, the methodology introduced here directly captures the explicit dependency on
time, enabling predictions at arbitrary time instances without requiring the full temporal
history. This formulation increases flexibility and efficiency, especially in applications
requiring sparse or selectively sampled time evaluations and for scenarios with constant
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simulation parameters. For time-varying parameter sequences, however, autoregressive

approaches can be beneficial as discussed in the second part of this chapter.

Despite the difference in modeling strategy, the earlier study identified both Gaussian
Processes (GPs) and Neural Networks (NNs) as particularly promising regression models.
Consequently, these two model types are also employed in the present work. Each
dimensionality reduction technique considered is thus combined with two regression
variants: Multi Layer Perceptrons (MLPs), as representative of neural network-based
models, and GPs, known for their flexibility and uncertainty quantification capabilities.
This results in a diverse set of surrogate modeling pipelines.

The content of this chapter focuses on two key aspects: First, the investigation aims
to explore the synergies between the mentioned dimensionality reduction and regression
methods in order to identify combinations that demonstrate particularly favorable perfor-
mance in terms of data requirements, reduction capabilities, accuracy, and computational
efficiency. This comparative study provides insight into the strengths and limitations of
each approach within the LADy framework. Second, building on these insights, the chapter
proceeds to examine surrogate modeling for scenarios with time-dependent input signals,
which introduces additional complexity due to the temporal structure of the inputs. For
this purpose, the human body model representing an occupant in a pre-crash scenario,
introduced in Section [2.2.2] serves as an elaborate and realistic numerical example. To
effectively handle such sequential data within the surrogate modeling pipeline, we incorpo-
rate Recurrent Neural Networks (RNNs), which are well-suited for capturing temporal

dependencies.

The main contributions of this investigation can be summarized as follows:

1. We apply the LADy framework to the often overlooked yet physically significant
quantity of stress, providing a detailed analysis of its strengths and limitations in
this context.

2. We investigate and compare a diverse set of dimensionality reduction techniques,
including CUR and KPCA, rarely employed alternatives to PCA and autoencoders,
all embedded within the LADy framework. This enables a comprehensive assessment

across multiple reduction strategies.

3. We offer practical guidance for selecting appropriate reduction methods, grounded
in their accuracy and computational requirements for different physical quantities.

4. We develop surrogate models capable of handling sequential input data within the

LADy framework to accommodate dynamically evolving system behavior.

In the following sections, we first detail the procedure for combining dimensionality

reduction with dynamic approximation under constant parameter inputs. A range of
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method combinations is systematically evaluated and applied to the kart example, enabling
a rigorous comparative study. Subsequently, we present an approach for modeling systems

with sequential inputs, as exemplified by the occupant scenario.

5.1 Surrogate Modeling Approach

As this is the first section in this thesis in which a complete surrogate modeling framework
is described, we take this opportunity to thoroughly examine the entire process chain in
detail. This section provides a comprehensive, one-time explanation of all steps involved,
laying a clear foundation for the approaches presented in the following chapters. The whole
workflow is prescribed by three major steps visually sketched in Fig. The first two
steps build the offline phase, while the third represents the online phase. Step I represents
the computational expensive data-generation, where high-fidelity Finite Element (FE)
simulations are conducted to gather simulation data. In Step II, the surrogate model
itself is defined and trained. As the final Step III, the surrogate is evaluated and its
predictions are validated against theory or constraints. Alternatively, the surrogate can be
directly deployed within an application, such as optimization loops, control frameworks,
or real-time simulations, where its performance can be assessed based on task-specific

criteria.
surrogate
data-generation modeling evaluation
I preprocessing 11 training 111
>

.} 4/,}

Figure 5.1: Schematic overview of the three steps comprising the presented surrogate
modeling pipeline.

In order to obtain a dataset that captures a broad spectrum of the system’s behavior,
the high-fidelity model is parameterized, and multiple simulations are carried out using
the FE software. To ensure comprehensive coverage of the parameter space, a diverse
set of simulation parameter combinations is sampled grounded on expert knowledge
or (quasi-random) sampling schemes. The resulting simulation outputs—i.e. the FE
simulation results—are treated as the reference data and contain detailed information
about both nodal quantities, such as displacements, and element quantities, such as stress

fields. Subsequently, the raw simulation results are extracted and preprocessed, which
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may include operations such as filtering, or normalization, depending on the quality and
resolution of the data. All individual simulation trajectories, spanning the full set of nodes
or elements, are then organized into a snapshot matrix, which serves as the foundational
input for the surrogate modeling step.

The second step involves the formulation of the surrogate model itself. As previously
mentioned, the surrogate modeling approach is built upon two fundamental parts. The
first part entails identifying a suitable coordinate transformation ¢ : X — Z that maps
the high-dimensional system state x to its low-dimensional counterpart z € Z < R", with
r <« n. A corresponding back transformation v : Z — X enables the recovery of full-order
states from the reduced representation, thereby ensuring the physical interpretability of
the results. This step is explained in detail in Section

The second part involves modeling the system’s behavior within the reduced space, i.e.
modeling the temporal evolution of the reduced coordinates z. For this purpose, we define
a function 6 : T x P — Z that approximates the latent dynamics via z ~ 2 = 0(t, ),
capturing the dependency on time t and parameters pu € P. This follows the methodology
outlined in Section [4.1.1] It is essential to note that beyond predictive accuracy, a primary
goal of the surrogate model is computational efficiency. Accordingly, the computational
costs of the surrogate F'(t, u), denoted by J (F(t, u)), should be significantly lower than
that of the full-order model F(¢, ), J(F(t,p)), thereby enabling efficient deployment in

time- or resource-constrained environments.

In the following, dimensionality reduction and dynamics approximation are treated as
two separate subproblems, addressed in a decoupled fashion rather than through a joint
optimization loop. It is important to note that in the case of autoencoders, a simultaneous
training of the autoencoder and the dynamics approximation model can offer notable
benefits, as discussed in [FrescaDedeManzoni21l, Remark 1]. This potential advantage is
leveraged in later chapters of this thesis, where certain approaches significantly benefit
from end-to-end training. However, for the purposes of the present comparison, we refrain
from implementing joint optimization—even for the autoencoder-based surrogates. This
decision ensures fairness across all methods, since joint optimization is not feasible for the
other dimensionality reduction techniques considered (e.g., PCA, KPCA, or CUR). By
keeping the optimization process consistent across all method combinations, a balanced

and meaningful comparison of their respective performances is ensured.

The composition of the trained reconstruction mapping 1 with the learned regression
model 6 yields the complete surrogate model F (t, ), formally defined as

&(t,p) = F(t,p) = o O(t, p).
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Accordingly, the offline training phase consists of the following subsequent steps

1. Fitting the dimensionality reduction, as described in Section [3.2] yielding the reduced
coordinates z = ¢(x),

2. Construction of the regression dataset as outlined in Section 4.1.1} using the reduced

system states in the latent space,

3. Training of the regression model to approximate the system dynamics in the reduced
space.

Once the offline phase is finished, the surrogate can be evaluated in the online phase
comprising Step III to efficiently predict system behavior. Specifically, for a new set of
(unseen) simulation parameters g, the regression model provides an approximation of the
reduced state trajectory, which is then mapped back to the high-dimensional physical
space via the reconstruction mapping 9. Throughout the following investigations in this
chapter, we consider scenarios in which all simulations begin from the same zero initial
condition. Therefore, the dependency on the initial condition of the surrogate model is
omitted without loss of generality. Nevertheless, it is worth pointing out that the initial
condition can be incorporated into the parameter vector p if needed, enabling the model

to accommodate varying initial conditions within the same framework.

Taking all aforementioned considerations into account, the overall optimization goal for
constructing a surrogate model, originally introduced in , can now be refined to reflect
the specific surrogate architecture presented. This leads to the following optimization
problem

1

¢,,0 N¢Msim

SN Lia(t, w), & (t 1)

teT pelP

st. @(t,p) = F(t, p) (5.1)
@(t, 1) = F(t, 1) = ¢(2(t, ) |
Z(t, p) = 6(t, )

J(F(t,p)) < T(F(t,p)).

Recall that the function L denotes a chosen loss metric that quantifies the discrepancy
between the surrogate-predicted states € and the reference states  from the HF model.
The optimization is carried out over the coordinate transformation components ¢ and
1), which define the reduced latent space, as well as over the regression model 6, which
captures the system dynamics in that latent space.

By incorporating simulation parameters p € P and sampling across the time domain T,
the model aims to achieve generalizable and accurate predictions throughout the entire

parameter-time space. Moreover, an explicit constraint on computational cost ensures
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that the surrogate model F' = F is not only accurate but also substantially more efficient

than evaluating the original model F'. An overview of the concrete pipeline is provided in

Fig.

phys. phys.
space space
input eq, e latent 005’%( :
parameter model < space ¢
phys.
space
latent o\\& :
model 5o
j

Figure 5.2: Schematic overview of the surrogate modeling pipeline combining dimensionality

8¢

reduction and regression.

5.1.1 Error Measures

Before validating the surrogate models, we introduce error measures used to assess the
performance of the proposed methods. Specifically, we employ sample-wise normalized
relative errors, weighted by the inverse of the mean state magnitude within each individual
simulation. This weighting is performed for all states associated with a given parameter
instance p and over the corresponding time series T. Normalized error quantities are
denoted with an overbar, i.e. é. Although some of these metrics have been presented

earlier in this work, they are reiterated here for completeness and clarity.

In particular, the reconstruction error on the state space

[2(t, 1) = (Pt W), _ Nzt 1) = 2(t pll
o 2 (i )l o 2 (i )l

ex(t, ) = (5.2)

serves as indicator for the ability of the reduction algorithms to embed a state in the latent
space with marginal information loss. The approximation error on the state space

) 2t 1) =zt m)ll, _ Nzt p) —2E p)l,
o 2 (i )l o 2 (i )l

€x(t, (5.3)
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tells us how performant a surrogate model is to approximate the time evolution of full

system states, while the latent approzimation error

et ) — 2[l, |zt p) — 20t 1),

e S/ ) N SN WA o4
does the same but on the latent level.
In addition to these sample-wise evaluated errors, scalar relative error quantities
x-x], _[x-%], |z-7,
R 4 P (P A 1 )

are used to validate the performance of entire simulations or data sets at once.
Please recall that X = [z,...,@,.] is the snapshot matrix, X = [&,...,&,] =
[ (p(x1)), ..., (P(x,.))] its reconstruction, X = [&1,...,%n,] = [W(Z1),...,P(Z,.)]
the matrix containing the corresponding approximation of a surrogate model, Z =
[21,..., 2] = [@(x1),...,¢(x,.)] the reduced states and Z = [Z1,..., 2,.] the corre-

sponding approximations in the latent space.

Moreover, we introduce errors in the physical domain to provide more tangible measures.
In particular, the mean Fuclidean distance

mean 1 Kl 7
5o (1, ) = d(t ), — |dit )] (5.6)
Tnode j=1 I 2
and the maximum Fuclidean distance
g (t )= max ([d(t, m)];, — [dit,w)] (5.7)
je{la---nnode} J: 2

occurring among all nodes between the reference FE simulation and their approximation
are utilized. In that context, [d(t, u)];, € R® represents the displacement of the j-th node

of the FE model at time ¢ and for parameter p and [d(t, u)} € R3 the corresponding

J
prediction of a surrogate model. Additionally, the corresponding averaged values over time

and all test simulations

1

Nsim T

1

fmean .
d —
Nsim T

2D (), By =

peP teT

MYt 63

peP teT

are used to represent the approximation quality for the complete test data. A similar error
measure is used for stress

mean 1 flelem ~
D IDID I |CC) L YR (5.9)
peP teT j=1

where [o(t, p)]; and [o(¢, p)]; denote the reference and predicted stress values of the j-th

element at time ¢ and for parameter p, respectively.
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5.1.2 Results and Discussion

In this section, we present the results concerning the approximation quality of the full-
field displacement and stress responses for the kart example. To this end, multiple
surrogate models are constructed based on the methodology described in Section 5.1} Each
surrogate is denoted by the specific combination of dimensionality reduction and regression
algorithms used. For instance, a surrogate employing PCA for reduction and a NN for
learning the dynamic parameter dependencies is referred to as a PCANN surrogate. The

hyperparameter settings used to configure and train the various models are summarized in
Table 5.11

Table 5.1: Model architectures, hyperparameters, and data properties.

Category Hyperparameter Details
All NNs Optimizer Adam, Learning Rate: 1le — 3
Training Epochs: 1000, Batchsize: 128
Activation fen. Elu
Output act. fen. Linear
Regularization Select best weights w.r.t. validation data
PCA -
CUR Sampling strategy Random
Error parameter e 0.4
KPCA Kernel Polynomial x(x;, x;) = (x]x; + 350)3
Data preprocessing Centering
AE Encoder layer size n x 300 x 150 x 75 x r
Decoder layer size r x 75 x 150 x 300 x n
Data preprocessing Normalization
MLP Layer size (1+mn,)x64x64x64xr
Data preprocessing Standardization
GP Kernel Matern
Smoothness parameter 2.5
Data preprocessing Normalization
Data Train-Test split pirain — 96
it =4,
nyl =48
Timesteps and time ny = 102,

tena = 0.03s
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Data Requirements In the field of model reduction, a distinction can be made between
two principal application types. On the one hand, there are scenarios where the offline
phase—involving data generation and preprocessing—is time- and resource-critical. On the
other hand, there are applications primarily focused on reducing computational effort during
the online phase, where evaluation speed is paramount. For the former case, minimizing
the number of full-order simulations is essential. This raises an important question: how
much training data is sufficient before additional simulations yield diminishing returns in

terms of predictive performance?

To explore the impact of training data availability, we conduct a series of experiments
using surrogate models trained on varying numbers of snapshots, i.e. full simulation results.
Specifically, we compare the performance of the surrogate models across three different
data regimes: using the full training dataset comprising 96 simulations, a reduced set
of 50 % corresponding to 48 simulations, and a low-data scenario with only 10 % of the
original dataset, amounting to 9 simulations. The corresponding results for the state
approximation using a latent dimension of r = 10 are presented in Fig. and Fig.
for displacement and stress data, respectively.

As expected, increasing the amount of training data leads to improved approximation
quality across nearly all surrogate model configurations. When sufficient data is available,
all surrogates achieve satisfying accuracy in approximating the displacement field. However,
the stress data presents a greater challenge, with all surrogate models exhibiting higher
errors—even when trained on the full dataset.

GPs are often regarded as particularly effective in low-data regimes, a trend that is
also reflected in the displacement results using only 10 % of the training data. In this
setting, surrogate models employing GPs consistently outperform those based on NNs.
However, this advantage vanishes quickly: already at 50 % data availability, NN-based
surrogates yield superior results. Moreover, this benefit of GPs does not extend to the
stress predictions in the current investigation. Instead, a consistent pattern emerges
across most data availability scenarios in which NNs outperform GPs, resulting in lower

approximation errors.

These findings indicate that GPs, despite their theoretical appeal for data-scarce set-
tings, struggle to capture the complexity of the latent space dynamics encountered here,
whereas NNs demonstrate greater flexibility and expressiveness in modeling such behavior.
Moreover, in the very low data regime, a slight trend can be observed indicating that
autoencoder-based surrogates tend to struggle somewhat more with accurately capturing

a low-dimensional latent representation

More generally, the transition from 10,% to 50,% of the training data has a substantial
positive impact on surrogate performance, whereas the additional step from 50,% to

100,% yields only marginal further improvements. This indicates a diminishing return on
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Figure 5.3: Normalized errors for varying amounts of used training data (@ and (]EI)) and
varying reduced orders ( and @) for the displacements and the stress. The results
represent the mean performance of three independently trained surrogate models for each
combination of settings, in order to account for effects due to random initialization and
stochastic variability during training.

additional data beyond a certain threshold. Among the different dimensionality reduction
techniques employed, CUR decomposition consistently exhibits the worst performance,
highlighting its limitations in preserving the essential features of complex physical quantities
such as stress within the reduced-order models. For the succeeding results, the full training
dataset is utilized.

Reduced Order One of the most crucial hyperparameters in ROMs is the latent
dimensionality r. Reducing a system to the minimum can especially pay off in scenarios,
where data must be transferred with a limited bandwidth or where storage is heavily
limited. At the same time, the computational efficiency of the ROM usually scales with

its dimensionality. Consequently, one often aims to reduce a system as much as possible.
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This, however, usually comes at the cost of accuracy. Hence, in the following experiment,

we create surrogate models for varying reduced orders in the set of r € {4, 10, 50}.

The results can be seen in Fig. for the displacements and in Fig. [5.3d] for the stress data.
As expected, the lowest latent dimension results in the highest approximation error for the
displacement field, and for most surrogate models, also for the stress field—highlighting
the fundamental trade-off between model compactness and representational capacity.
Notably, surrogate models that employ nonlinear reduction techniques—such as KPCA
and AE—demonstrate superior performance at low latent dimensions, as they are better
able to capture complex system behavior within a more constrained space. In contrast,
PCA-based surrogates begin to catch up at higher latent dimensions, eventually achieving
comparable results as the dimensionality increases. In comparison, surrogate models based
on CUR decomposition consistently yield substantially poorer results across all considered
latent dimensions, underlining its limitations for this application. As before, surrogates
that use neural networks to model the latent dynamics generally outperform those based
on GPs, exhibiting a slight but consistent advantage for displacements and a pronounced
performance benefit when approximating stress fields.

Counterintuitively, for almost all surrogate models, the performance does not significantly
improve when increasing the latent dimension from r = 10 to r = 50. In contrast to
the plain reconstruction error presented in Section [3.3] a higher latent dimension does
consequently not necessarily lead to a notably better performance. What sounds surprising
first, appears logic when one considers the complex interplay between dimensionality

reduction and latent dynamics approximation.

To illustrate this effect, we break down the overall approximation error E, into its sources,
i.e. the reconstruction error Fyz and the error in approximating the latent states E, for the
extreme cases of r =4 and r = 50. The corresponding results are visualized in Fig. [5.4}
The reconstruction error provides a natural barrier how close one can get in approximating
the reference values. In alignment to the previous results from Section [3.3] the nonlinear
reduction methods, KPCA and AE, particularly outperform their linear counterparts for
low latent dimensions with respect to the reconstruction Fj error. For the high latent
dimension, the reconstruction error almost becomes neglectable compared to the overall
approximation performance for the displacements. However, at the same time, the error in
capturing the latent state z increases significantly across all methods. A similar trend is
observed for the stress approximations: While the reconstruction improves with increasing
latent dimensionality, the accuracy of the latent dynamics approximation deteriorates
significantly.

This can be explained by the fact that the complexity of the latent behavior usually grows
with the dimension. Take for example PCA. The first latent coordinates describe the
most dominant effects occurring in the data, while the later ones represent only marginal
changes that take place in the data. Simultaneously, the higher order latent states are
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of a smaller magnitude and correspondingly implicitly weighted to a lesser extent in the
learning procedure. This can of course be compensated with scaling, but is in general not
wished as it is most important to capture the most dominant modes. The same can be said
about the CUR decomposition, the more basis you add to the reduction matrix, the more
complex and rare behavior will be represented in the corresponding latent coordinates
and the harder it gets to capture those effects. Noticeably, the latent errors of PCA and
KPCA vary in a very similar range supposing that the corresponding latent dynamics

behave similarly.

For the autoencoder, one can not simply transfer these properties as the individual
contribution of single latent coordinates are not as distinguishable as it is the case for
the linear reduction techniques. Nevertheless, the capacity that comes with a growing
latent dimension leads to features with more complexity. Hence, in general one can say
that a larger latent space leads on the one hand to a better reconstruction, but on the
other hand to latent dynamics that are more difficult to approximate and the choice of
the optimal dimension is an act of balance.

Errors in physical space In addition to the normalized error measures presented thus
far, Fig. and Fig. report absolute errors in the physical space for surrogate
models with an intrinsic latent dimension of r = 4. Remarkably, even at this low-
dimensional setting, surrogates employing nonlinear reduction techniques achieve a mean
Euclidean displacement error of less than one centimeter for the displacements—despite
the highly dynamic nature and complexity of the underlying crash simulation, where
nodal displacements can reach up to 150 cm. Surrogates employing PCA also demonstrate
comparably low errors, remaining below two centimeters. Only the surrogates using CUR
decomposition exhibit notable deviations. Considering the stress approximation, on the
contrary, it becomes evident once again that the surrogates struggle to accurately replicate
the reference. They exhibit mean errors ranging from 3 - 107 Pa to 9 - 107 Pa, even though

the maximum reference stress does not exceed approximately 7.52 - 107 Pa.

Computational times Beyond pure approximation accuracy, the associated computa-
tional times for both training and inference are critical metrics when selecting a suitable
surrogate modeling architecture. To this end, we report the training times as well as the
evaluation (inference) times for the various surrogate models in Fig. Although the
reported times correspond to a specific choice of latent dimensionality and are limited
to the displacement data, the observed trends are representative and can be expected to
transfer to other configurations and physical quantities.

From these results, it is evident that autoencoder-based surrogates require by far the most
computational effort during training, resulting in significantly higher training times. This

is expected due to the larger number of trainable parameters and the iterative optimization
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Figure 5.4: Boxplot of the normalized reconstruction error Ej, latent error F,, and state

error F, for the displacements and stress values of the kart model. The shown results

show the error ranges obtained over all test simulations and are given for two different

latent dimensions.
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Figure 5.5: Absolute errors for the displacements (af) and stress (]Eb as well as the associated
computational times achieved by surrogates with a latent dimension of » = 4 for the

kart model.

required for both encoder and decoder networks. It should be noted, however, that the
absolute training time is highly dependent on factors such as batch size and number of
training epochs, meaning it may vary considerably under different hyperparameter settings.
Nonetheless, the observed trend remains consistent across comparable configurations. In
contrast, the other reduction methods—such as PCA, KPCA, and CUR—exhibit training
times within a similar order of magnitude. The surrogates relying on GPs for the latent
approximation generally require longer optimization times, owing to the cost of kernel

matrix computation and hyperparameter optimization.

When analyzing evaluation times, the picture shifts further: GPs again perform worse than
their neural network counterparts, showing significantly higher inference times. Moreover,
surrogate models based on KPCA for dimensionality reduction also demonstrate notably
longer evaluation times, likely due to the cost of nonlinear kernel evaluations during
projection and reconstruction. Interestingly, the surrogate models PCANN, CURNN, and
AENN all achieve similar inference times of approximately 70 ms. This is attributed to
the efficient implementation of the autoencoder, which compensates for the more complex
operations through optimized computation. In a unified and performance-optimized
deployment environment, linear reduction techniques—such as PCA—result in even faster

evaluation times, further improving the real-time applicability of these surrogate models.
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5.1.3 Discussion

The presented results show that the performance of different surrogate models varies
significantly across scenarios, with each combination exhibiting distinct strengths and
computational demands. In general, nonlinear reduction schemes (e.g., KPCA, AE) are
preferable for low latent dimensions, as they better capture complex system behavior in
compact representations. In contrast, linear methods (such as PCA) stand out due to
their low computational cost, simple hyperparameter tuning, and competitive performance
at higher latent dimensions, making them attractive for efficient surrogate modeling in

less complex settings.

Both NNs and GPs demonstrate strong capabilities in capturing latent dynamics for
the displacements, with a slight performance advantage observed for neural networks.
In addition, GPs consistently failed to capture the stress dynamics. Nevertheless, they
offer the additional benefit of predictive uncertainty estimates (in the form of standard
deviations), which can be valuable in applications requiring confidence quantification. That
said, GPs also come with higher memory requirements and may become computationally
limiting for large-scale datasets.

Regarding the reduction techniques, KPCA and PCA tend to produce similar latent repre-
sentations, resulting in comparable latent errors F,. The autoencoder-based surrogates
generally deliver satisfactory results, despite their computationally expensive training phase.
Interestingly, even though a fully connected autoencoder was used—without architectural
specialization for spatial structures—it still achieved comparable performance to other
methods, even in data-scarce regimes, which is somewhat contrary to expectations. This
underlines the robustness of the autoencoder architecture and its potential for surrogate

modeling when properly regularized and tuned.

All surrogate models can be evaluated within milliseconds, in stark contrast to the 15-20
minutes required by the HF model per simulation. This results in a speedup of 4 to 5
orders of magnitude, demonstrating the immense computational efficiency achieved by the
surrogate approaches. Although this comparison has its limitations—as the FE simulations
typically involve the computation of additional physical quantities and the storage of large
datasets—it nevertheless highlights the practical advantage of surrogate models. Their
rapid evaluation capability makes them particularly well-suited for multi-query scenarios
(e.g., optimization, uncertainty quantification) as well as for real-time applications, where

fast response times are critical.

However, while the surrogate models provide satisfactory approximation quality for dis-
placements, the stress field poses a distinct and significantly more challenging problem.
In general, the approximation quality for stress does not reach a satisfying level, clearly
illustrating the limitations of the surrogate modeling schemes considered. Capturing the

stress field in a meaningful and compact latent representation proves particularly difficult
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in the investigated scenario. Since the quality of dimensionality reduction acts as a natural
upper bound for the overall surrogate accuracy, this step already introduces a bottleneck.
Moreover, the dynamics of the stress-related latent variables are inherently more complex
and nonlinear, making them harder to approximate accurately using standard regression
algorithms.

As a result, the direct approximation of the stress field may be suitable only in scenarios
with relatively low accuracy requirements. In applications demanding high-fidelity stress
predictions, alternative strategies are necessary. These include the development of new,
tailored surrogate modeling techniques specifically designed to handle stress fields, or
the use of indirect reconstruction, where the stress field is computed from the predicted
displacements using standard FE post-processing tools. This latter approach leverages
the reliable displacement approximation and established physical relationships to ensure

consistency and physical plausibility in the stress predictions.

Beyond approximation quality, soft factors also play an important role when choosing a
suitable dimensionality reduction algorithm. These factors pertain to practical considera-
tions during implementation and deployment—especially in the offline phase and in terms
of computational resource consumption. For instance, PCA is generally straightforward to
apply and often works out-of-the-box without the need for elaborate tuning. In contrast,
KPCA and AEs require more extensive hyperparameter tuning.

Moreover, autoencoders typically require a computationally expensive training phase, espe-
cially when large datasets or deep architectures are used. On the other hand, KPCA—while
computationally lighter to train—tends to be slower during inference, due to its reliance on
kernel matrix evaluations involving the full training dataset. In summary, while nonlinear
methods may offer improved approximation quality in certain scenarios, they often come
at the cost of higher implementation effort, training time, and resource demands. These
aspects should be weighed carefully, particularly when targeting real-time applications,

resource-constrained environments, or rapid prototyping.
We summarize the main characteristics of the reduction and regression techniques used:
i) Principal Component Analysis (PCA): A simple, efficient method with cheap

training or tuning required. Its linearity, however, limits performance on systems

with nonlinear dynamics or at low latent dimensions.

ii) CUR Decomposition (CUR): Provides interpretable modes and low evaluation
cost, but suffers from randomness and consistently lower accuracy.

iii) Kernel Principal Component Analysis (KPCA): Captures nonlinear structure
effectively but is computationally and memory intensive, with more costly online

evaluation.

iv) Autoencoder (AE): Delivers high-quality approximation quality with fast inference,
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though at the cost of expensive training and more complex model design, benefits

least from increased latent dimensionality.

v) Neural Networks (NNs): Flexible and efficient at runtime, NNs showed robustness
across the used combinations.

vi) Gaussian Processes (GPs): Offer strong predictions and built-in uncertainty
quantification, especially for small data, but are memory-heavy and failed to capture
stress latent dynamics.

5.2 Surrogate Modeling Approach for Sequential In-
put Data

The previous section focused on predicting system behavior for fixed parameters, such as
physical or geometrical properties—e.g., material constants, initial conditions, or boundary
values—a strategy also commonly adopted by many existing data-driven surrogate modeling
approaches for structural dynamical systems. However, in many practical applications,
sequential parameter input series must be considered, and in such cases, those methods
often reach their limits in approximation quality as exemplified in Section [4.3]

One representative example for such a scenario is the occupant model introduced in
Section [2.2.2] It is influenced by time-varying accelerations arising from pre-crash driving
scenarios. Such applications require methods capable of accurately modeling the system’s
dynamic response under continuously evolving input conditions. In these cases, the current
system state is not solely determined by the present input, but also by its temporal context,
i.e. past input values. Consequently, surrogate models must be equipped to capture these
temporal dependencies to achieve meaningful and accurate predictions.

To address this, a methodology is presented in the following that is tailored to handle
time-dependent parameters. We proposed this approach first in [KneiflHayFehr22b]. In
particular, an autoregressive surrogate model is presented, which employs a Long Short-
Term Memory (LSTM) network to sequentially predict the evolution of latent states. These
latent states are obtained by applying PCA to the high-dimensional system trajectories.
The LSTM is conditioned on the sequence of parameter inputs that influence the system
dynamics over time as well as the history of latent states. In contrast to conventional
methods, we implement a skip-connection to the last layer of the LSTM so that it only
needs to model the difference from one latent state to another. The objective of this study
is to develop a surrogate that can accurately and efficiently model the occupants’ response
under dynamic inputs, with the overarching goal of achieving real-time capability.

An alternative strategy for addressing time-dependent parameter dependencies is proposed
by [ZhuangEtAl21], who combine Model Order Reduction (MOR) with a Runge-Kutta
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neural network. In this approach, the neural network is trained to approximate the
derivative of the system state, while the prediction of future states is carried out mimicking
the structure of classical Runge-Kutta methods. Additionally, [WilliamsZahnKutz24]
present a method that integrates RNNs with a decoder to reconstruct complex spatio-
temporal dynamics from sparse sensor measurements. Although their approach is not
explicitly situated within the field of MOR, the conceptual parallels—particularly the
use of sequence modeling and full-field reconstruction—underscore its relevance. These
similarities highlight a broader trend in the literature toward leveraging temporal learning
architectures for efficient and expressive surrogate modeling.

5.2.1 Methodology

The first step of the methodology follows procedures similar to those discussed previously,
namely the reduction of the high-dimensional system state into a low-dimensional latent
representation using PCA. The use of this linear reduction technique is deemed sufficient
for the occupant model, as it provides satisfactory reconstruction quality with a relatively

small number of modes, while maintaining low computational cost.

Once a reduced representation of the system states has been obtained, the latent dynamics
can be formulated as a discrete state transition of the form

Ziv1(pi) = zi(pi) + Dzi(p), (5.10)

where the state at the next time step is computed as the current state plus a state
increment. We use the subscript i as shorthand notation to indicate that the corresponding
quantity is associated with the time step ¢;, e.g., z;(p;) = z(t;, u(t;)). We leverage this
formulation by designing the surrogate model to explicitly mimic the structure of .
In particular, the latent dynamics are modeled as

Zi(piv1) = Zi(pi) + AZi(pi) = Zi(pi) + ¥(ai; W), (5.11)

where W denotes an LSTM network with learnable weights W, and «; is the input sequence
at time step 7. The LSTM predicts the state increment Az, and a skip connection is
used to propagate the latent state forward in time, starting from an initial condition
Zo(po) = 2zo(po). Accordingly, the full surrogate model—including the reconstruction
into physical space—takes the form

T = F(pi) = ¢(2i(pi) + ¥(og; W)). (5.12)

The LSTM is trained and optimized as described in Section 4.1.2] such that it best
approximates the true latent state difference Az with respect to a chosen loss function,

ensuring accurate rollout of the dynamic trajectory.
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For training, we construct a dataset comprising latent state increments Az(t;, u;) and the
corresponding input sequences ;. Each input sequence is composed of the preceding n,,
latent states z along with their associated parameters p. This results in the following
dataset structure:

D— ([zinw(uinw,j) o Zica(Miog)
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y [Azz(ﬂz,])] y (513)
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where j distinguishes the different simulations. We note that the first n,, samples of each
simulation lack sufficient predecessors and are therefore excluded from training.

All these components are integrated into a unified surrogate modeling approach that

proceeds in two phases:

1. The offline phase (training): The high-fidelity model is evaluated to generate data,
and the reduction matrix V' is computed via PCA. Based on the reduced trajectories,
the dataset (5.13) is assembled. Finally, the LSTM network is trained on this dataset

utilizing formulation (5.12)) to learn the temporal dynamics in latent space.

2. The Online phase (inference): For a new sequence of time-dependent parameters, the
model starts from the reduced initial state z; and its associated parameter py. At
each time step, the LSTM predicts the state increment Az, from which the updated
latent state is computed. This newly obtained state is then used as part of the input
for the next prediction and is projected back into the physical space.

Importantly, since the first few predictions lack full-length histories, the ability of LSTM
networks to handle input sequences of variable length becomes crucial for ensuring accurate
early-time predictions and a smooth rollout of the full trajectory.

Implementation The HF data is reduced to a latent space of dimension r = 30. The
LSTM network architecture begins with a masking layer followed by stacked LSTM layers,
as illustrated in Fig. [5.6f The masking layer ensures compatibility with sequences of
variable length, which is particularly important in the early time steps when full input
histories are not yet available. The final LSTM layer consists of » = 30 units, ensuring
consistency with the dimensionality of the latent space.

All LSTM layers operate on a temporal input horizon of n,, = 8 time steps, meaning
each prediction is conditioned on the eight previous states and parameters. The key
hyperparameter settings are summarized in Table These include architectural and
training-specific choices, such as the number of hidden units, optimizer settings, and batch
size. All hyperparameters—including r, the number of neurons n,, the time horizon n,,,
and the learning rate v,—are selected using a grid search based on performance on the
validation set.
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Table 5.2: Hyperparameters for the surrogate modeling of the occupant example.

Hyperparameter Details

Category
Dimensions Latent State: r = 30
Time horizon Ny = 8
Optimizer RMSprop, Learning Rate: 1e — 3
Training Epochs: 150, Batchsize: 5
Hidden Layer sizes 256 x 256 x 256 x 30
Regularization Select best weights w.r.t. validation data
Data niain = 90,
ni =11,
ntgst — 6,
n; = H0-221,
tenda = 1.225-5.5s
time series masking LSTM LSTM prediction
input layer layer layer results
:’ Zi, Pi —#QIﬁLJ -+ =>|LSTM —>[Azi+1
: T 0 A
LA E A A
(Zicnuyt1s Piny+1) :» LSTM) ~> --- = [LSTM
: ¥ 0 A
: - kg - LTV > -  LSTA

________________________

Figure 5.6: Network architecture for sequential surrogate modeling in the latent space.

5.2.2 Results

In this section, the performance of the surrogate model is validated on the test simulations.
All high-fidelity and surrogate evaluations are carried out on a machine equipped with
an Intel Core i7-6700 CPU and 32 GB of RAM. The considered test scenarios vary in
their temporal lengths. As a result, the test dataset comprises simulation trajectories of
varying lengths, ranging from 74 to 164 time steps, leading to a total of 600 individual
test samples. A comprehensive summary of the performance across these test scenarios is
presented in Table [5.3|

It is noteworthy that the reconstruction error remains consistently below 1% across all
test simulations, which confirms the suitability of a linear dimensionality reduction for the

occupant model. This observation justifies the use of PCA as an efficient and sufficiently
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Table 5.3: Error quantities of six test simulations.

siml sim2 sim3 sim4 simb sim 6 mean

B, 0.052 0.037 0.144 0.161 0.039 0.045 0.080
E, 0.053 0.039 0.145 0.162 0.040 0.047 0.081
Ey 0.009 0.007 0.010 0.009 0.008 0.008 0.008
EF*incm 0.285 0.407 0.642 0.659 0.382 0.989 0.561
Ati/tend (-) 0.982 0.989 0.984 0.975 0.990 0.990 0.985

expressive reduction method for this application. Furthermore, the latent regression error
e, and the overall approximation error in the physical state space e, are nearly identical.
This indicates that the quality of the latent dynamics approximation—as learned by
the autoregressive surrogate—is the dominant factor determining the overall prediction

accuracy.

To verify this observation, we closely examine the results shown in Fig. [5.7a] where the
latent error, reconstruction error, and state-space approximation error are plotted over time
for all test simulations. The analysis clearly indicates that the state-space approximation
error €, is predominantly governed by the latent approximation error e,. For the majority
of the simulation duration, the two curves closely coincide, demonstrating that the quality
of the latent dynamics prediction is the key factor determining the surrogate’s overall
performance. Meanwhile, the reconstruction error remains consistently low and near

optimal throughout the simulations, contributing only marginally to the total error.

In general, the model maintains a high level of accuracy. The maximum node-wise dis-
placement error E3** observed across all test simulations remains below 1cm, which
demonstrates the robustness of the surrogate even for longer rollouts. Moreover, the surro-
gate exhibits a significant advantage in terms of computational efficiency. Comparing the
ratio between the computation time At and the simulated time t.,q—where a value below
one indicates real-time capability—highlights the efficiency gap between the surrogate’s
results 2" /.4 = 0.985 and the HF results A" /i, = 2271.70.

As a final comparison, a visualization of the occupant’s motion at selected time points is
provided in Fig. |5.7b| using the test simulation with the highest dynamics. During the
initial phase of the motion, almost no noticeable differences can be observed between the
high-fidelity and surrogate predictions. Only towards the end of the simulation does a
quantitative deviation emerge, particularly in the upper body region. Nevertheless, the
overall motion sequence is captured accurately throughout the entire trajectory. This
visual assessment confirms that the surrogate model closely approximates the high-fidelity
occupant simulation, even in dynamic and nonlinear regimes—while requiring only a

fraction of the computational effort.
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Figure 5.7: Relative error for the displacements of one node over time @) and overall error

@ for the occupant model .

5.2.3 Discussion

The presented combination of PCA and LSTMs demonstrates the capability to construct
an efficient and accurate surrogate model for an accelerated human occupant simula-
tion. For simulations of limited duration, the method effectively captures even complex
time-dependent behaviors, while achieving a remarkable reduction in computation time.
However, it is also observed that the approximation error tends to increase over time and
mainly stems from the approximation of the dynamic behavior in the latent space.

This error source, however, cannot be solely attributed to the learning capacity of the
LSTM. It is also inherently linked to the autoregressive structure of the approach, which
introduces a characteristic trade-off: while enabling sequential modeling, it also causes
error accumulation over time. That is, once a deviation occurs at any time step, it is
propagated throughout the remainder of the simulation, continuously contributing to
further inaccuracies. Hence, non-negligible deviations from the high-fidelity reference
model, especially in long-term predictions can occur. Addressing this limitation is a key

direction for future work.

Possible strategies include periodic updates of the surrogate model using real-time sen-
sor data to correct deviations or enhancing the robustness of the regression algorithm
by introducing artificial noise in the training process to better withstand accumulated
prediction errors. Improving these aspects will be essential for ensuring the reliability and

applicability of such surrogate models in long-term and safety-critical simulations.
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Besides that the surrogate is not only real-time capable but also more than 2300 times
faster than the high-fidelity counterpart. This performance gain underlines the potential of
the proposed approach for deployment in time-sensitive applications. Furthermore, due to
its lightweight nature, the surrogate model can be easily integrated into other simulation

environments without incurring significant computational overhead.

All methods introduced and compared throughout this chapter have demonstrated both the
potential and limitations of surrogate modeling for structural dynamical systems. Highly
efficient yet accurate surrogate models have proven capable of capturing displacements
in crash scenarios and human occupant behavior under highly dynamic and nonlinear
conditions. Despite these achievements, the approaches presented thus far do not yet
address several important challenges, including varying hardware constraints, multi-scale
phenomena, uncertainty quantification, and the enforcement of physical consistency. These

topics are systematically explored in the subsequent chapters.

The surrogate model used to generate the presented results along with the corresponding
data can be accessed via [KneiffHayFehr22a] under BSD-3-Clause License.
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Chapter 6

Multi-hierarchic Surrogate Modeling

I think it’s time to leave and find
another road

"Cause I'm sure there’s a story that is
yet to be told.

Bukahara, Border

In the analysis of structural dynamical systems, effects frequently occur at smaller and larger
scales, necessitating models capable of capturing diverse spatial resolutions (cf. Chall. .
In conventional surrogate modeling approaches, micro- and macroscale characteristics are
often collectively processed, potentially overshadowing microscale features by their larger
counterparts. The modeling of multi-scale systems poses a particular challenge, and as such,
it is often approached in a special way. For example, multigrid methods [McCormick87,
TrottenbergOosterleeSchuller00] employ a coarse-grained model that is gradually refined
in areas of high inaccuracy to achieve the required global accuracy. Such methods have
also been unified with convolutional neural networks [HeXul9).

In addition, the majority of data-driven surrogate modeling approaches operate directly on
a given high-dimensional discretization. Hence, they are tied to this fixed high resolution.
However, the large number of variables used to describe a system often stems from
the numerical discretization scheme rather than the underlying physical phenomena, cf.
Section [3.1], although often only a small subset of these variables is of interest. Thus,
unnecessary expenditure of computational resources are the consequence and information

flow over large spatial distances is complicated.

In contrast, the employment of a surrogate capable of providing predictions across various
resolutions has the potential to reduce associated computational costs, during evaluation
but also in the expensive visualization of complex three-dimensional systems. Further-
more, static resolutions are incapable of reacting to dynamical changes in computational
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environments. Hence, changes in available memory, electric energy, or even the desired
approximation quality can not be considered. Fortunately, data-driven surrogates offer
the flexibility to operate on arbitrarily selected quantities of a model as they are not tied
to the spatial convergence of classic numerical models. The accuracy of such data-driven
surrogates is constrained only by their expressiveness and the quality of the high-fidelity
data. This raises important questions: Why should data-driven surrogate models be
confined to the fixed original resolutions and how can multi-scale features be effectively

addressed within a framework?

To address both questions, we developed an approach in [KneiflEtAI24] that is designed for
the precise capture of micro- and macroscale features (Chall. |5) and the elegant handling of
dimensionality (Chall. [I)) by automatically selecting an optimal subset of spatial quantities
to evaluate the system. Specifically, a Multi-Hierarchical (MH) framework is introduced to
systematically develop a series of surrogate models at different resolutions. The macroscale
features are resolved on coarse surrogates, while microscale effects are captured on finer
surrogates, with transfer learning facilitating the exchange of information across scales.
To implement this, the high-resolution mesh of the original numerical model is simplified

to generate visually interpretable multi-resolution representations.

Moreover, the surrogates on each level utilize the recent advancements in Graph Convolu-
tional Neural Networks (GCNNs) [ZhouEtAl20]. In detail, the individual surrogate models
are composed of graph convolutional autoencoders for the task of dimensionality reduction
in combination with Multi Layer Perceptrons (MLPs) to capture the low-dimensional
latent dynamics on temporal and parametric inputs. Subsequent surrogates are trained on
residuals using increasingly finer resolutions. By doing so, we can speed up the learning
process, create multiple surrogates that balance hardware requirements with accuracy,
and resolve multi-scale issues that often arise in spatio-temporal dynamics of structural

systems.

The following steps comprise the core idea of the proposed methodology: (i) the High-
Fidelity (HF) model is reformulated as a graph, (ii) coarse visually interpretable represen-
tations are generated via mesh simplification, (iii) a surrogate is created on the coarsest
representation, (iv) the model is refined to the next finer level, and (v) another surrogate
is trained on the refined level using transfer learning. Steps (iv) and (v) are iterated until
either a desired performance threshold is achieved or no further coarse representations
are available. This approach adapts and extends concepts from multiresolution autoen-
coders [LiuEtAl23|, tailoring them specifically to handle irregular data effectively. A visual
impression of this workflow is depicted in Fig. [6.1] There, a structural similarity of the
approach to U-NETs |[RonnebergerFischerBrox15] can be observed.

By following this approach, we leverage the fact that the surrogates are not constrained
to a fine spatial resolution enabling to exclude substantial parts of the model during the
surrogate’s creation. Consequently, the approach is inherently mesh-free, meaning it is
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Figure 6.1: The MH surrogate modeling approach executes the learning process on coarse
representations of the original system rather than on the full discretization itself. Initially,
different levels of discretization are generated for the original model (Section [6.2.2)). On
the coarsest level, a surrogate model is trained (Section . The coarse representation
is then progressively refined and subsequent surrogate models are trained on the residual
error Section m This refinement process is repeated.

not limited to the underlying high-resolution discretization. Further discretization-free
approximation schemes for parametrized Partial Differential Equations (PDEs) can be
found in the literature, including the works of [ChenEtAlI22b], [RodriguezEtAl22] and
LiEtAl20a) [LiEtAl20b]. Due to the hierarchical structure of our proposed approach, the
framework is naturally suited for multi-scale problems, where macro- and microscale

dynamics occur at the same time. Furthermore, the sequential construction of surrogates
enables the termination of the learning process at any desired point, thereby leveraging the
knowledge acquired from previously learned behaviors through the application of transfer
learning from coarser to refined surrogates.

The key highlights of the presented framework can be summarized as follows:

1. A multi-hierarchical nonlinear model reduction framework is introduced that con-
structs adaptive surrogate models tailored to different computational needs. This
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approach operates within visually interpretable domains and leverages transfer

learning to iteratively refine surrogate models.

2. The proposed surrogate modeling architecture is particularly well-suited for multi-
scale problems and highly complex, discretized three-dimensional structural dynami-
cal systems.

3. Efficient yet highly accurate data-driven surrogates are derived for the deformation

behavior of the nonlinear Finite Element (FE) kart frame crash simulation.

In the ensuing sections, the fundamentals of GCNNs are elucidated, prior to an explanation
of the multi-hierarchical surrogate modelling process itself. This is followed by numerical
results on the kart example and a breakdown of the results.

6.1 Graph Convolutional Neural Networks

GCNNs [ZhouEtAI20] represent an evolution of Convolutional Neural Networks (CNNs),
which are widely used in deep learning for tasks like image classification and object
detection. CNNs rely on convolutional filters (small matrices such as 3 x 3 or 5 x 5) that
slide across structured input data, extracting features like edges or patterns, while pooling
layers reduce the dimension of the data [LiEtAI22]. By applying learnable filters across
multiple data points, CNNs leverage weight sharing, significantly reducing the number of
trainable parameters compared to fully connected networks and enhancing generalization
by detecting local patterns. However, CNNs are inherently designed for regular grid-like

data as it occurs in images, making them less effective for irregular data structures.

Irregular data, such as those arising from FE simulations, require alternative approaches,
driving advancements in geometric deep learning [BronsteinEtAl21]. Some techniques
address this by mapping irregular data onto a structured grid [GaoSunWang21], enabling
the use of standard convolution operations. Other strategies directly apply convolutional-
like operations on graphs dynamically constructed from point clouds [WangEtAlI19], or
adapt CNN architectures to handle non-Euclidean spaces [MontiEtAlL7].

GCNNs are designed to handle irregular data by adapting the concept of convolu-
tions to geometric structures. These networks extract information about node fea-
tures and their relationships through spatial connections. Early work on GCNNs is
presented in [DefferrardBressonVandergheynst16], with an influential adaptation described
in [KipfWelling16]. In the context of Model Order Reduction (MOR), GCNNs have been
utilized in several studies. For example, [GruberEtAl22] compares a graph convolutional
autoencoder with a traditional fully connected Autoencoder (AE) for generating reduced-
order models. Similarly, [PichiMoyaHesthaven24] apply a spatial graph convolutional

autoencoder to derive reduced-order models, while [FrancoEtAl23] explores the use of
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GCNNs for approximating time-dependent PDEs under geometric variability. Unlike
conventional convolutions, graph convolutions do not inherently incorporate dimensionality
reduction. To address this, specialized pooling operations tailored for irregular data have
been developed [GrattarolaEtAl21]. Comprehensive insights into GCNNs are provided
in [WuEtAlI21], and a review focused specifically on their application in MOR is available
in [PichiMoyaHesthaven24].

In addition to GCNNs, various innovative approaches in geometric deep learning
have gained attention, such as graph networks [BattagliaEtAlIlg§]. Graph network-
based simulation models have been applied to create physically informed simulations,
where the graph network predicts state-time derivatives that are subsequently inte-
grated using Ordinary Differential Equation (ODE) solvers to evolve the system in
time [PfaffEtAI20] SanchezGonzalezEtAI20]. Furthermore, symbolic representations of
learned models can be uncovered by applying symbolic regression to elements of its
message-passing function [CranmerEtAll9, |[CranmerEtAl20]. Graph networks also play
a role in generative tasks, where graphs are constructed sequentially based on learned
probability distributions [LiEtAI1§]. A noteworthy recent advancement is the emergence
of attention-based graph transformer models [MinEtAI22|. These models have been used
as neural operators to approximate solutions of PDEs [BryutkinEtAl24], showcasing their
potential for capturing complex patterns in geometric data.

Other works also incorporate hierarchical structures into GCNNs as this can offer a
powerful way to enhance their performance. For example, Graph U-Nets [GaoJi2]
introduce pooling layers to create smaller, simplified graphs by leveraging a trainable
projection vector. Similarly, the multi-scale MeshGraphNet proposed in [FortunatoEtAl22]
operates across multiple resolutions. This approach uses coarse-grained representations to
facilitate efficient information propagation and address the challenge of slow information
propagation across finer resolutions. In [JainHaghighatNelaturi24], a dual MeshGraphNet
framework is employed to build surrogate models for finite element simulations of latticed
structures. The first network models the dynamics on a reduced graph representation,
while the second maps these results onto the full-scale displacements, ensuring accuracy
and efficiency.

Another example of mesh reduction is found in [HanEtAI22], where information from a fine-
grained graph is encoded into a coarser subset of nodes. This compressed representation
enables efficient temporal evolution of latent dynamics using an attention-based model.
Hierarchical techniques are not limited to graph applications but, for instance are also
integrated into variational autoencoders [LeeEtAlI23]. Moreover, hierarchical structures are
not only utilized in spatial domains but also for temporal dynamics as well time-evolving
systems [LiuKutzBrunton22]. These versatile approaches demonstrate the potential of
hierarchical designs in diverse domains of geometric deep learning. However, all these
approaches utilize hierarchical structures solely to facilitate the learning process for an
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approximation of the fine discretized high-fidelity solution. In contrast, our approach
employs coarse representations that are physically and visually interpretable, thereby
ensuring direct utility. Moreover, we refrain from subjecting costly training of a surrogate
on high-resolution data and opt for a reduction of the latent variable to a vector of the
intrinsic dimension instead of representing the system on a coarse graph.

6.1.1 Fundamentals of Graph Convolutional Neural Networks

A graph G = {V, £} is composed out of nodes v (also referred to as vertices) stored in a set
of nodes V, |V| = nyode and a set of edges € < {(v;,v;) | v;,v; € V and v; # v;} defining
the connections between node pairs. The adjacency matrix A = A(G) € {0, 1} node*"node
provides an alternative representation of the graph’s connectivity. It is a square matrix,
where the entries indicate whether a pair of nodes (v;,v;) is connected. Specifically,
[A];; = 1 if the nodes are adjacent, and [A],; = 0 otherwise.

The state of all nodes in a graph is stored in a graph signal & € R™ede, For the purposes
of simplicity, the ensuing explanations concentrate on scalar graph signals per node. It
should be noted, however, that the values associated with each node can also be vectors,
e.g. representing the nodes position. In such a case, the signal & € R™»ede*" comprises
an n.-dimensional feature vector for every node. A useful approach to compute the
convolution between a filter € R™ede and the signal @ is leveraging the property that
a convolution corresponds to multiplication in the Fourier space. To obtain the Fourier
transform @ of the signal, a Fourier basis is derived from the eigenvalue decomposition of
the normalized Laplacian of the graph.

The Laplacian is matrix that captures important structural information and is defined
as £* = D — A, where D is the diagonal matrix of node degrees, with entries [D],, =
2. [Al;;- The normalized Laplacian £ = I,

semi-definite matrix. Consequently, its eigenvalue decomposition .2 = YAYT exists.

— D 2AD: is a real symmetric positive

node

Here, the matrix ¥ = [Ul vy ... U,_, | contains the eigenvectors of the Laplacian,
arranged according to their corresponding eigenvalues stored in the diagonal matrix A.

The eigenvectors v are referred to as the Fourier modes of the graph §G.

The Fourier transform of a signal x is then expressed as & = % (x) = YTx, while the
inverse Fourier transform is defined as & = .% ~!(&) = Y&. Utilizing these transformations,
the graph convolution of the signal & with a filter f can be derived as

x+f=F F(x)OZF) ="YXz YT, (6.1)

where ® denotes the Hadamard (element-wise) product. This equation can be further
simplified to

z = YuXTa, (6.2)
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by defining the filter as f,, = diag(Yf) and applying a ® b = diag(b)a. Formulation (6.2))
is utilized by all spectral-based GCNNs.

This formulation is put into the context of Neural Networks (NNs) by parameterizing the
filters f,, = W = diag(w) using trainable weights w. The operation in a convolutional
layer is then described by

2™ = a® (YWOrTZ0) (6.3)

where the superscripts o represent the layer index, a¥) is the activation function applied
at the I-th layer, and W® is a diagonal matrix containing the trainable weights. The
input to the layer, (®), is the graph signal at that layer, with «(®) being the original input
signal of the graph.

Although the formulation enables spectral graph convolution, it has notable drawbacks.
Specifically, the filters are not spatially localized, and the computation requires expensive
operations due to matrix multiplications involving the dense Fourier basis Y. To address
these issues, [DefferrardBressonVandergheynst16] introduced ChebNet.

Chebyshev Spectral Convolutional Neural Networks In Chebyshev spectral
convolutional neural networks (ChebNet), the filter f,, is approximated using Chebyshev
polynomials T' of order neep. These polynomials are defined recursively as T;(o) =
20T, 1(0) — T;—2(0), with initial values T)(o) = o and Ty(n) = I, where o serves as
placeholder for a variable. This recursive formulation avoids the need for computationally
expensive multiplications with the dense Fourier basis by replacing them with nger
multiplications involving the sparse graph Laplacian. In particular, a filter f,, is computed
as

Tlcheb

fw(A) = ), wiTi(A), (6.4)

where the weights w; are learnable coefficients of the polynomial filter. Moreover, L =

/\23 — I, .. is a scaled version of the Laplacian and A its eigenvalue matrix. Due to the

scaling, A only has eigenvalues within the range [—1,1]. Substituting, (6.4) in (6.2)) and

N \

utilizing the transformation Y, (A)YT = f,(Z), it becomes apparent that the respective

graph convolution

Tcheb

T+ fuo = Yo (A) Y@ = o (L)z = > wTi(L)w (6.5)
=0

gets rid of the expensive multiplication with Y.

The Graph Convolutional Network (GCN), introduced in [KipfWellingl6], simplifies
ChebNet by employing a first-order approximation. Although effective, GCNs often
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encounter issues such as overfitting and oversmoothing. To address these limitations,
GCN2 [ChenEtAI20b] incorporates skip connections, enabling better information flow
across multiple layers. However, for the following example, ChebNet delivers superior
performance and is therefore used.

6.2 Multi-Hierarchic Surrogate Model Architecture

The fundamental premise of the multi-hierarchic approach is to operate on coarse repre-
sentations of a given model rather than on its original discretization. This representation
should still be visually interpretable and analyzable in the physical space. Thus, the
objective is to identify a suitable subselection of the original nodes and the corresponding

down- and upsampling mechanisms to find coarser equivalents of the original model.

6.2.1 Down- and Upsampling

Recall an n,,q.-dimensional graph signal @ that stores information for every node of the
original discretization. A downsampled signal

x| = Px < R™ (6.6)

is an n-dimensional vector containing the information of a subselection of the original
nodes V; < V, |V|| = n; with n| < nyege. The binary matrix 2 € {0, 1} *"ode 1 ) — Y,
selects which nodes are kept. Its entries are [Z]; ; = 1 when the i-th node in V| corresponds
to the j-th node in V and [Z];; = 0 else.

The method for selecting nodes follows an approach from the field of computer vision
described in [GarlandHeckbert97], which utilizes iterative vertex pair contraction to choose
nodes based on their spatial positions. In this process, for any given pair of nodes (v;,v;), a
vertex pair contraction (v;,v;) — v; involves redirecting all incident edges to v;, removing

the second node v;, and eliminating degenerate edges. A quadratic error
V;pos<ﬁi)yﬂp05 (67)

is used as measure for determining whether the node v; is kept. The matrix &; € R**4
characterizes the distance of the node to the set of planes formed by the intersections at

which it resides and v; pos = [Vig, Viy, Viz, 1]T is the node’s position in space.

The procedure can be summarized in the following steps:

1. Identify valid vertex pairs, either connected by an edge or within a close distance.

2. For each valid pair (v;, v;), determine the best node from {v;, v;} by minimizing the

cost function v} (0; + ﬁj)Vi/j,pOS'

i/j,pos



6.2 Multi-Hierarchic Surrogate Model Architecture 105

3. Iteratively eliminate the node in the pair (v;,v;) that has the least cost, updating
the costs accordingly at each step.

Besides the downsampling of the graph, we seek a method to reconstruct the original
graph from its coarse representation. However, achieving a lossless reconstruction of the
original one from its simplified counterpart is generally infeasible. Instead, the goal is to

an

approximate the original graph using an upsampling matrix % € R™ede*™ g0 that an

upsampled graph signal
rr~x = Uz, (6.8)

approximates the original signal. In this work, we adopt the approach outlined
in [RanjanEtAll8], generating the upsampling matrix concurrently with the creation
of the downsampling matrix.

During the downsampling process, a retained node directly contributes to the upsampling
matrix by setting [%/];; = 1 when it represents the i-th node in V and the j-th node in V.
For a discarded node vy, its position vy, pes is projected onto the nearest triangle (v;, v;, 1) €

V), in the down-sampled graph following
l;k:,pos = WiV pos + W;iVj pos + WiV pos, (69)

using barycentric coordinates and weights that satisfy w; + w; + w; = 1. The upsampling

matrix is then updated based on the barycentric weights as

Uy = wi, (%), =wi [y =i (6.10)

i j
Visual examples of the resulting coarsened finite element (FE) model of the kart are

provided in Fig. [6.2]

6.2.2 Multi-hierarchical Modeling

Once multiple representations of the original model at varying resolution levels are generated
using the previously described downsampling approach, the surrogate modeling process
can begin. To distinguish entities, formulations, and models across different levels, we
use the notation o), where the superscript [ indicates the associated level. The original
discretization corresponds to level 0. Moreover, for the downsampling operations, the
notation .@]’f denotes the downsampling matrix that takes states from level ¢ to level j
with i > j, i.e. ) = _@;m(i). Conversely, for upsampling operations, the notation %ij
denotes the upsampling matrix that approximates states at a finer level from those at a
coarser level given by ) ~ %z,

The I-th surrogate F® accordingly only needs to approximate the states of a subselection
of nodes from the original system, i.e.

zO(t,p) = FO(t, p) ~ 202 (t, p) = 20(t, p). (6.11)
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Figure 6.2: Differently resolved representations of the kart frame from the original dis-
cretization (level 0) to the coarsest one (level 3). The red dots represent the nodes and

the number indicated above each kart corresponds to the number of nodes.

The MH modeling approach starts with creating a surrogate F™) on the deepest, i.e.
coarsest level ny. Once the coarse surrogate is created, the surrogate modeling process
continues to the next finer level.

6.2.3 Surrogate Model Architecture

The fundamental surrogate modeling architecture employed in this work for the MH
approach, as well as for the comparative methods, is built upon the in the previous chapter
introduced two key components: (i) an autoencoder—or more generally, a dimensionality
reduction technique—used to learn a low-dimensional embedding Z < R" of the high-
dimensional state space X', and (ii) a multilayer perceptron (MLP) tasked with capturing

the parameter- and time-dependencies within this low-dimensional latent manifold.

Recall that, the autoencoder comprises an encoder ¢ : X — Z with trainable weights W, ,
which maps the high-dimensional state to a compact latent representation z = ¢(x; Wy, ),
and a decoder 9 : Z — X with weights W,,, that reconstructs the full state from its
latent representation & = (z; Wy,,). The MLP 0 : P x T — Z maps the parameters
and time to the corresponding latent state z = 6(t, u; Wy), with trainable weights W.
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The complete autoencoder defines a reconstruction mapping as

& = o d(x), (6.12)

while the full surrogate model capturing the parametric system dynamics is given by the
composition of the MLP and the decoder:

& =10t p). (6.13)

In contrast, to the separate optimization of reduction and latent approximation in the
previous chapter, a joint optimization is used for the MH models. Accordingly, the weights
Wy, Wy, and Wy are optimized by minimizing the loss function

1 & ~ 5
LW, Wy, Wo) = — > Napprox @ = &* + Arec [ — 2] (6.14a)
S =1
= Napprox |Z — P(0(t, s Wo), Wy, )|I” (6.14b)
Decoder:nd MLP
+ a\rec ||33 - ¢(¢(m’ Wd?e) W"f’d))”f (6140)

Encoder and Decoder

The first term ensures that the surrogate accurately captures the system dynamics
for given parameters and time, while the second term guarantees that the autoen-
coder can reliably reconstruct the full state from the latent representation. These loss
components guide the training of the full surrogate model and are balanced by the loss
factors Aapprox = 0 and  Apec = 0.

Surrogate on the Coarsest Representation To construct the MH surrogate model
at the deepest level, i.e. coarsest representation, we follow the methodology previously
outlined employing a graph convolutional autoencoder. Specifically, the graph convolutional
autoencoder ") is used to learn a low-dimensional embedding Z < R” for the state of
the coarsened graph, given by =" (¢, u) = Dy x(t, ).

The encoder qb,(ane) - X() — Z maps the coarse state space X' — X into the latent space
Z. It consists of multiple graph convolutional layers, each designed to progressively increase
the number of features per node. The final layer is a fully connected layer that compresses
the output of the last graph convolutional layer into the latent dimensionality. The decoder
1,bc(1ne) . Z — X™) follows a mirrored structure. It begins with a fully connected layer that
expands the latent representation, followed by graph convolutional layers that successively
reduce the number of features per node to reconstruct the coarse state space X (™),

The graph convolutional layers are implemented using ChebNet, where the trainable filters
are parameterized by weights according to the formulation in (6.4). A schematic represen-
tation of the complete surrogate architecture is provided in Fig. [6.3]1t is important to note
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that the proposed framework is not limited to GCNNs, any data-driven dimensionality
reduction technique, whether linear or nonlinear, can be utilized as a substitute. However,
GCNNSs benefit to a larger extent from an accelerated and simplified learning process due
to their comparably high computational costs.

graph convolutional encoder graph convolutional decoder

p o graph features
t — graph edges
—>» graph convolutions
O neurons / latent variable

— fully-connected layer

Figure 6.3: The proposed architecture of the surrogate is composed of graph convolutional
layers that do not employ pooling but augment the features per node. Additionally,
the architecture incorporates fully-connected layers in the middle, which reduce the
dimensionality. An additional MLP is incorporated to capture the reduced dynamics.

6.2.4 Transfer Learning

After obtaining a surrogate model on the coarsest level, the surrogate modeling process
can be extended to progressively finer levels of resolution. Instead of training each level
independently, the finer surrogate builds upon the knowledge already acquired by the
coarser surrogate. The transition between coarse and fine graph representations is achieved
via down- and upsampling operations to enable the transfer of knowledge between levels of
different resolution. In this framework, the already-trained coarse surrogate is fixed, and
its output is integrated into the finer surrogate, as depicted in Fig. [6.4] This design allows
the finer model to focus exclusively on resolving inaccuracies and capturing behaviors not
accounted for by the coarser surrogate. The general architecture of the finer surrogate’s
encoder, decoder, and MLP adheres to the definitions established for the coarsest surrogate.



6.2 Multi-Hierarchic Surrogate Model Architecture 109

level [ level [ reconstruction

\\‘\
B@
Q "*!‘//»’/
' '_'»IA;< =
| = =
P

=

MLP

down-
-dn

o0
=
o
K=
=
o
=
=i
=
o]
n

gurpdures

level [ +1 level I + 1 fixed
MLP — trainable

Figure 6.4: Transfer learning step inside the MH surrogate modeling approach. The
weights of the coarse network are fixed, so that the finer surrogate only needs to capture
not covered aspects.

For the following explanations, let’s assume that we are currently training the surrogate F'¢)
on level I, while F(+D represents the already trained coarser surrogate. That means the
weights W (D of the latter are fixed, and the optimization focuses solely on updating the
weights W of the current surrogate. The first modification compared to the standard
modeling scheme for the coarsest surrogate occurs during the encoding of the system state.
Instead of relying on a single encoder, the latent state is computed as a combination
of outputs from two encoders: the trained and fixed encoder from the coarser level
¢gl+1) - XU+ 5 Z and a new trainable encoder ¢SJ)* - XW — Z. The latent variable at
the current level is then computed as a combination of their outputs as

20 = O (20)
*
= (7, 20) + 40" ()
= Gt ) 60" (@)
= 2+ 4 0% (2.

(6.15)

The reconstruction of the state in physical space follows a similar approach. To achieve

this, the output of the fixed, trained decoder ¢g+1) . Z — XD ig combined with the

output of a newly introduced, trainable decoder él)* - Z — XU, These two components

are blended into a unified refined decoder 'l,bél) : Z — X which reconstructs the state at
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the current level. The refined decoder computes the reconstructed state as

g !

0 = o (z0)
— %lz+1 ((il+1)(z(l)) +¢g)*(z(l)) (6.16)
_ %Hl:ﬁ(lﬂ) 4 'Lpél)*(z(l)).

This design leverages the previously trained decoder’s knowledge while allowing the
trainable component to refine and adapt the reconstruction to the higher-resolution state
space.

The static and potentially error-prone upsampling matrix used in (6.16]) can be replaced
with a more flexible and adaptive learnable upsampling approach to further reduce

reconstruction errors. In this work, a simple linear fully-connected layer
¥ ~ @ (), WY b)) = wa+) 4 p) (6.17)

is employed. The trainable parameters Wg) and b(@l) correspond to the weights and bias
of the layer. This formulation has been shown experimentally to significantly reduce
upsampling errors while keeping computational costs minimal. By replacing the original
upsampling matrix in (6.16)) with the learnable formulation ([6.17)), the decoder definition
used in this work

PP (z0) = O (T (z0)) + 97 (20) (6.18)

is found.

The refined MLP takes advantage of the output from the previous level as an additional
input, enhancing its predictive capabilities. This relationship is expressed as

20 = 0" (p,t) = 09 (1, 1,007 (1)) = V% (u, 1, 2HY). (6.19)

To create the next finer surrogate model F(~Y . the same procedure is repeated but this

time with F® serving as coarse model.

6.3 Implementation Details

The initial step in implementing the MH approach involves the representation of the model
to be approximated as a graph. In the context of FE models, this process is relatively
straightforward. The nodes of the FE model can directly serve as nodes of the graph, and
the element definitions specify the node connectivity, i.e. the edges £ of the graph and the
adjacency matrix A. The physical quantities of these nodes that are to be approximated
function as graph signals, that is, they represent the state of the graph.
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Table 6.1: Overview of surrogate models showing which data is used and which parameters

are optimized.

Model Reduction Algorithm Mesh data Weights
PCANN  Principal Component Analysis T WA
FCAENN Fully-connected autoencoder x Wt WAk Wik
GAENN  Graph convolutional autoencoder WGGAE, iAE, fdAE
MH1 MH graph conv. autoencoder ) = P We(l), Wq(i),

W) Wl
MH?2 MH graph conv. autoencoder x® = PN« WO(Q), Wq(i),

(2) (2)

W, . We

MH3 Graph convolutional autoencoder x® = Pz WO(?’), W(i), sz;)

For the following investigations, the kart model from Section serves as numerical
example. The differently resolved representations of it correspond to those shown in
Fig.[6.2] The objective of the surrogate modeling process is to find a good proxy for the

displacements d € R™nodex"c

. Hence, the graph signal for every node consists of n, = 3
channels representing the displacements in the respective spatial directions so that the
overall signal is @ := d. The implementation of the MH models follows the previous
definition. As the kart depends on three parametric inputs and the time, we reduce it to a

latent dimension of r = 4.

Multiple other surrogate models are generated following the description of Section to
compare the proposed framework against more conventional approaches. Those surrogates
directly operate on the original data instead the downsampled one. In Table the
relation which surrogate leans on which data is highlighted. Moreover it provides an
overview which reduction algorithm is used and which weights are trained, where Wy,
Wy, We, and Wg represent the weights of the encoder, decoder, MLP, and upsampling
network respectively. The superscript in the table indicates to which surrogate model the
individual weights belong.

In particular, PCA, a FCAE and a GAE are implemented for the reduction step, while all
surrogates utilize an MLP of the same architecture to resolve the task of approximating
the latent dynamics. The conventional surrogates are referred to as PCANN, AENN, and
GAENN, while the surrogates created with the MH approach are called MH1, MH2, and
MHS3 (from finest to coarsest surrogate). Further details concerning the architectures and
training specifics can be found in Table [6.2] It is noteworthy that graph convolutional
networks possess considerably fewer parameters than a comparable multi-layer fully-
connected networked architecture.
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Table 6.2: Model Architectures. In the case of autoencoder models, the layer structure of

the encoder is provided, while the decoder follows a similar architecture but in reverse

order.
Model Hyperparameter Details
Category
PCA # Parameters 111768
All NNs Optimizer Adam, Learning Rate: 1le — 3
Training Epochs: 400, Batchsize: 128
Activation fen. elu
Output act. fen. linear
Regularization Select best weights w.r.t. validation data
FCAE # Parameters 11246 854
Layer sizes 27942 x 200 x 80 x r
GAE # Parameters 2023067
Layer sizes (9314x3) x (9314 x6) x (9314x12) x (9314 x24) x r
Graph convolutions ChebNet of order nee, = 3
MH1 # Parameters 253987
Layer sizes (1165x3) x (1165x6) x (1165x12) x (1165%x24) x r
Graph convolutions ChebNet of order neye, = 3
MH2 # Parameters 65419
Layer sizes (292x3) x (292x6) x (292x12) x (292x24) x r
Graph convolutions ChebNet of order nee, = 3
MH3 # Parameters 18115
Layer sizes (73x3) x (7T3x6) x (73x12) x (73x24) x r
Graph convolutions ChebNet of order neye, = 3
MLP # Parameters 8900

Layer sizes

4x64x64x64xr

6.4 Results

A rigorous evaluation of the developed surrogate models is conducted in the following. This

assessment encompasses an analysis of the training phase, an evaluation of approximation

accuracy in both the reduced and original representations, and a study of computational

efficiency. To ensure a systematic and objective validation of the results, the error measures
introduced in Section are employed.
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6.4.1 Training Comparison between Fine and Coarse Models

One severe limitation of the employed graph convolution formulation lies in its compu-
tational expense, primarily due to the recursive computation of Chebyshev polynomials.
This computational burden significantly increases the training time required for a graph
convolutional surrogate model when applied to the full model, as illustrated in Fig. [6.5a]
In contrast, when the surrogate is constructed using the MH approach, the tides turn.
The training time is substantially reduced, to the extent that the model operating on the
coarsest representations achieves faster training times than the conventional FCAE on
the full model. Furthermore, even when the training times of all three MH levels used
for the kart example are aggregated, the total time remains within a comparable order of
magnitude and is more than ten times faster than the GAENN model trained on the full
model.

When considering the computation time required for a single prediction of the surrogates,
denoted as At, a similar trend emerges, as shown in Fig. [6.5b] The GAENN exhibits the
highest computational cost. However, our proposed approach effectively mitigates this issue.
Among the surrogates, the model employing PCA for dimensionality reduction achieves the
fastest predictions, as reconstructing the fine physical space from the reduced representation
involves only a single matrix multiplication. In the case of the MH approach, both training
and computational times naturally increase with the addition of each level, as the resolution
progressively improves. Moreover, the time required to obtain a prediction for the fine
original representation is not excessively higher than that for the coarse representations,
due to the chosen upsampling procedure described in . An unnecessary increase in
computing time can therefore be avoided by using sparse matrix multiplication.

Beyond computation times, the training process of the MH models offers additional insights,
particularly with regard to transfer learning. The progression of the loss during training,
as illustrated in Fig. reveals that the loss values decrease significantly with each
successive refinement of the models. This indicates that the information preserved in the
coarser models aids the finer models in enhancing their performance, effectively preventing
the redundant learning of already known structures. Notably, the reconstruction task
benefits substantially from transfer learning, as highlighted in Fig. [6.6¢ Moreover, the
overall approximation improves consistently with each refinement level, as demonstrated
in Fig. [6.6D] These findings underscore the efficacy of the transfer learning approach in
leveraging prior knowledge to enhance both reconstruction accuracy and overall model

performance.
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Figure 6.5: Computational time required to train the models (EI) and to compute a
prediction (]ED for the kart model on the fine and the coarse mesh using the proposed MH
approach and standard approaches. The dark gray bar in @) is the time required for the
down- and upsampling computations.
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Figure 6.6: The training history for the overall loss @), the approximation loss (]EI), and
the reconstruction loss of the MH models for the racing kart example is presented. To
improve clarity, the loss functions are smoothed, while the actual values are depicted with
transparency in the background. The results clearly demonstrate a significant reduction
in loss with each refinement level compared to the preceding coarser level. This trend
highlights the effectiveness of the MH approach in leveraging progressive refinements to

enhance model performance across multiple levels.
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6.4.2 Evaluation on Coarse Levels

Before the surrogate models are compared against each other within the original dis-
cretization of the model, there are compelling reasons to consider the performance within
the coarse discretizations. On the one hand, the MH models are explicitly designed to
operate within the coarse representations, making their evaluation in this context highly
relevant. On the other hand, evaluating performance at the coarse levels eliminates the
error introduced by the upsampling process into the original space, thereby providing
a clearer assessment of the models’ capabilities at these resolutions. Additionally, this
intermediate evaluation facilitates a direct comparison of the graph convolutional MH
models with a PCANN model fitted at each resolution level. Such a comparison not only
highlights the relative advantages of the MH models but also substantiates their utility
and justifies their adoption across multiple levels of resolution.

When analyzing the node distance error of the MH models and PCANN surrogates across
different discretizations as done in Fig. [6.7] two key observations emerge. First, all MH
models consistently outperform the PCA-based surrogate. This result demonstrates that
the graph convolutional architecture is highly effective, thereby justifying its adoption over
alternative architectures with similar applicability. Second, for the MH models, the error
decreases progressively with each additional refinement level. For an error measured at
the original fine resolution, this reduction is expected, as the upsampling error diminishes
with each level. However, on the coarse discretizations, this trend clearly indicates that
transfer learning plays a pivotal role in reducing the error at each level, further enhancing

the performance and efficiency of the MH models.

An additional analysis investigates which dynamic effects are learned at each refinement
level. Specifically, the contribution of a given level can be assessed by looking at the
difference between its approximation and the approximation of the next coarse level, i.e.

U2 — w5 = w00 (1) — % TV (0 (). (6.20)

However, it should be noted that this does not permit a completely isolated perspective
on the individual contributions, as the specific interdependencies of the surrogate models
are not resolved in this manner. Nevertheless, it constitutes a straightforward method for
determining the attributes that are newly learned at each level. The corresponding Fig.
illustrates the contributions of each level. The results reveal that the global dynamic
behavior is predominantly captured by the coarsest surrogate (level 3). At this level,
significant phenomena, such as the strong deflection of the front fork and the rotation of
the entire kart, are accurately modeled. In contrast, the finer levels (level 2 and level 1)
focus on capturing minor deformations, particularly in areas where the coarser levels lack

sufficient degrees of freedom.
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Figure 6.7: Mean @) and maximum (]EI) averaged nodal displacement errors on differently
resolved meshes, comparing the proposed MH approach with a standard PCANN surrogate.
Errors are evaluated both for the plain reconstruction of the kart geometry and for the
approximations of the surrogates. For context, note that the maximum nodal displacements

in the reference simulations reach up to 150 cm.
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Figure 6.8: Learned behavior across different resolution levels. The global dynamic behavior
is predominantly captured at the coarsest level. This learned behavior is subsequently
transferred to finer levels, where only minor adjustments and localized refinements are

performed to address residual errors.
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6.4.3 Approximation Quality

In the concluding evaluation of surrogate models, performance measures are consistently
measured within the original discretization of the model. This approach enables a direct
comparison between the MH models and models trained on the original data. For the
upsampling of the coarse approximation to the original discretization, the states are
upsampled using the static upsampling matrices %,°. This time, all surrogate modeling
approaches, namely PCANN, AENN, GAENN, MH1, MH2, and MH3, compete against
each other. The respective mean and maximum node distance errors over time are displayed
in Fig. Notably, the graph convolutional autoencoder-based surrogate without the MH
structure fails to capture the system dynamics effectively, resulting in the largest errors
among the models. Similarly, the surrogate employing linear dimensionality reduction
via PCA faces significant challenges in approximating intervals of high dynamic activity.
This limitation arises because the reduced basis, with only r = 4 vectors, lacks sufficient
expressiveness to capture the complex deformations observed in the simulations.

The advantages of nonlinear dimensionality reduction are demonstrated by the AENN
surrogate model, based on a conventional autoencoder. It demonstrates a high degree of
efficacy in capturing dynamic phenomena over most segments of the simulation. However,
it exhibits a comparatively higher error, especially at the beginning in phases of low
dynamics. The coarsest MH model is already able to outperform the AENN model on
average w.r.t the mean Euclidean distance error, which decreases further at each subsequent
finer level. That said, the performance improvement diminishes as more refinement levels
are added. For the maximum error, the observations differ. The coarsest MH model does
not surpass the AENN model, and only the finer models achieve superior performance.
Interestingly, the maximum error continues to decrease significantly with additional levels,
contrary to the trend observed for the mean error. This indicates that while the overall
performance gains may plateau at finer resolutions, areas prone to high error still benefit
substantially from the increased detail. Key performance metrics summarizing these results
are presented in Table [6.3] offering a concise overview of the primary findings.

6.5 Discussion

The findings demonstrate that the proposed MH surrogate modeling framework is effective
for constructing efficient yet accurate Reduced Order Models (ROMs) across diverse
spatial resolutions for structural dynamical systems like the kart frame example. This
approach captures the transient dynamics, including significant plastic deformations of
the kart’s frame caused by impact, while outperforming conventional methods in terms of
accuracy and maintaining competitive computational efficiency. Moreover, the number of

parameters is on par with state-of-the-art linear counterparts and surpasses conventional



118 Chapter 6: Multi-hierarchic Surrogate Modeling

— AENN

—PCANN

GCAENN

0 0.5 1 1.5 2 2.5
time in s 1072

(a) Mean error

0 0.5 1 1.5 2 2.5
time in s 1072

(b) Maximum error

— MH1

— MH2 MH3

i

6 i |
.
, 1l

Figure 6.9: Mean (EI) and maximum (]EI} node displacement errors over time for all test

simulations achieved by various surrogate models are presented. The individual test

trajectories are drawn transparently, while the mean value of all test simulations is shown

opaquely.

Table 6.3: Performance measures: The time specifications provided in brackets indicate the

total aggregate training time across all levels for the MH models. For the PCANN model,

these values correspond to the training time for the MLP. This comparison highlights the

relative computational efficiency and resource requirements of each surrogate modeling

approach.
PCANN AENN GAENN MH1 MH2 MH3
% ins - (1.54) 775 312.75 20.22 (27.08) 4.10 (6.27) 1.96
At in ms 0.02 0.04 0.91 0.38 0.11 0.05
EZ¢*" in cm 1.57 0.64 1.65 0.49 0.49 0.62
E7% in cm 5.42 1.98 7.04 1.72 1.94 2.28
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nonlinear data-driven approaches.

The framework achieves this by operating on multiple representations of the system at
varying resolutions rather than relying solely on a single high-resolution discretization. This
hierarchical structure naturally facilitates the approximation of multi-scale effects, with
global dynamics learned at coarse resolutions and microscale dynamics captured at finer
ones. Additionally, low-resolution approximations ease the learning process and improve
the accuracy of medium- and fine-resolution models by transferring knowledge across
levels, enabling finer models to focus only on residuals. These coarse-level predictions
remain visually interpretable and computationally efficient, making them suitable for
graphical applications in hardware-constrained scenarios. Importantly, the upsampling
of the coarse-level predictions is computationally lightweight, relying on sparse matrix

multiplications or adaptive upsampling networks.

The results further indicate that the global dynamic behavior observed in the crash
scenario is already captured at the coarsest surrogate level, with finer surrogates focusing
on microscale effects. Notably, accuracy improves with each refinement level, even within
the coarse domains. This trend is also reflected in the training loss progression, where
finer models achieve significantly faster convergence. These observations underscore the

role of transfer learning in the surrogate modeling process.

Moreover, the hierarchical learning process decreases the associated computational burdens
for any surrogate as it eliminates the need to work with the original fine resolution data and
creates multiple models with varying memory and computational demands, all operating in
visually and physically interpretable domains. Working on coarse representations has the
potential to speed up surrogate modeling in general. The lower associated computational
costs lead to faster training and computation times. Hence, computationally expensive
hyperparameter tuning can be significantly accelerated even for surrogate modeling schemes
that aim to operate on the original discretization later on.

While the proposed approach offers significant advantages, it is accompanied by certain
drawbacks and limitations. First, the method requires knowledge of the system’s internal
geometrical structure, meaning that data alone is insufficient. However, in most cases, this
geometry can be readily exported from commercial software with minimal effort. Second,
the mesh simplification process employed in the method is only based on spatial criteria,
which may result in the loss of other quantities of interest unless explicitly accounted
for during mesh simplification. Additionally, the mesh simplification process itself adds
computational overhead to the offline phase, although this additional effort is negligible
compared to the overall training time required for the networks. Third, the use of the MH
architecture and graph convolution operations introduces numerous design choices and
hyperparameters, increasing the complexity of the surrogate modeling process compared to
simpler methods like PCA combined with neural networks. Despite this added complexity,
the MH models consistently outperform conventional methods, even without extensive
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hyperparameter tuning. Finally, similar to other nonlinear dimensionality reduction
techniques, the benefits of this approach are most pronounced when reducing the system
to its intrinsic dimensionality. For cases involving larger latent spaces, traditional linear

methods can still provide competitive results, narrowing the performance gap.

An important aspect to discuss is the selection of graph convolutions for dimensionality
reduction within the MH framework. While the MH approach is inherently flexible
and compatible with other data-driven reduction methods, the use of GCNNs aligns
naturally with the graph structure occurring during the mesh simplification process. As
demonstrated in the results, the graph convolution-based surrogate operating on the
coarse mesh significantly outperforms linear reduction techniques, even in the absence of
transfer learning at this level. This highlights the effectiveness of graph convolutions in
capturing complex system dynamics. Furthermore, the utilized graph convolutions benefit
significantly from the hierarchical structure as the respective operations are computationally
expensive leading to particularly impactful computational time savings. Moreover, the
parameter-sharing mechanism in graph convolutions reduces the number of trainable
parameters required, while maintaining higher expressiveness in capturing data features
within the framework. Interestingly, a graph convolution-based surrogate applied directly
to the original fine mesh failed to adequately approximate the system. This limitation
is likely attributable to several factors, including oversmoothing issues |[ChenEtAl20al
RuschBronsteinMishra23|, challenges in transporting information across distant nodes
in a fine mesh [AlonYahav20|, and spectral bias [RahamanEtAI19]. These challenges
underscore the critical role of the MH framework, which not only facilitates a more
effective learning process but, in this case, makes successful learning possible in the first
place.

The proposed framework relies on the availability and quality of high-fidelity data, making
its performance sensitive to the underlying data’s accuracy and coverage. Consequently,
extrapolation beyond the training domain presents significant challenges. To address
this limitation, integrating low-fidelity models into the surrogate modeling process offers
a promising direction for future research. Currently, all hierarchical models in the MH
approach are derived exclusively from high-fidelity data. However, the incorporation of
low-fidelity FE models could extend the surrogate’s applicability to parameter domains
outside the original training set. These low-fidelity models, e.g. derived from coarser
meshes, could be used to supplement the surrogate models by leveraging multi-fidelity
techniques. For instance, low-fidelity simulations could provide inexpensive predictions that
enhance high-fidelity results by learning and correcting residuals, as demonstrated in recent
multi-fidelity frameworks [KastGuoHesthaven20, (ContiEEtAl23b, [DemoTezzeleRozza23].

Additionally, the proposed architecture offers significant flexibility for customization and
extension. Refinement could be selectively applied to spatial regions where errors are
higher, enabling localized improvements without additional global computational costs.
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Alternatively, surrogate models for all resolution levels could be trained simultaneously
within a unified latent space, employing distinct encoder and decoder networks for each

level. This adaptability underscores the potential of the MH framework to efficiently
address a broad spectrum of applications.
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Part 111

Latent Discovery of Reduced Order
Models
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Chapter 7

Structure-preserving Latent

Discovery

Ich tu da nichts dagegen

Ich tu da was dafiir

Nédmlich einfach leben

Und das empfehle ich auch dir

Kim Hoss, Underboob Sweat

In Part [l of this thesis, we explored Latent Approximation of Dynamics (LADy), i.e.
black-box surrogate modeling techniques to capture the behavior of parametrized struc-
tural dynamical systems directly from high-dimensional, High-Fidelity (HF) data within a
low-dimensional latent space. In the following part, we turn our attention to alternative
strategies that aim not only to replicate system behavior but to explicitly uncover the gov-
erning equations of the underlying HF system. These methods, framed under the umbrella
term Latent Discovery of Dynamics (LDD), enable the construction of descriptive and
predictive Reduced Order Models (ROMs) grounded in interpretable dynamics extracted
directly from data.

To begin with, this chapter introduces a structure-preserving method to identify ROMs.
For this, the Port-Hamiltonian (PH) formulation is utilized that can guarantee specific
system-theoretical properties in the identified model and is particular useful for multi-
physics problems (cf. Chall. |5) as multiple domains can be connected via so called ports.
In contrast, the subsequent chapter copes with generative models to deal with the challenge
of noise in data (cf. Chall. @ and the reliability of the identified models via Uncertainty
Quantification (UQ).

An explicit formulation of system equations offers distinct advantages. By revealing the
governing principles, these models facilitate direct physical interpretation and enable
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rigorous analysis using classical system theory. Consequently, such approaches specifically
address the challenge of ensuring physical consistency in data-driven discovery methods
(cf. Chall. . Furthermore, by incorporating physically consistent representations, these
methods enhance extrapolation capabilities, leading to ROMs that generalize effectively
beyond the observed data.

Moreover, explicitly identifying the governing system of equations enables additional
post-processing steps. One such application is the use of identified models in continuation
methods, as demonstrated in [ContiEtAl23a]. These numerical techniques, which are
also referred to as path-following methods, facilitate the tracking of solution branches
under parameter variations, allowing for the identification of bifurcations and instability
points without requiring the transient phase to be simulated for each parameter change.
By leveraging the structural similarity between neighboring parameter configurations,
continuation methods significantly reduce the computational cost associated with parameter
sweeps. This efficiency is particularly beneficial for identifying critical points, which are
of paramount importance in engineering applications due to the distinctive structural
behavior observed in their vicinity.

In the context of continuation methods, the computation of critical points can be accelerated
even to a further extent using surrogate models as we demonstrated in [StrauSEtAI24].
Instead of employing traditional path-following techniques, the method proposed in
this publication utilizes surrogate models to provide an initial estimate for the exact
computation of critical points. By replacing the iterative tracking process with a learned
predictive model the computational overhead is reduced while maintaining accuracy in

determining structural instabilities and bifurcations.

In general, system identification faces significant challenges when applied to high-
dimensional systems, just like other dynamical approximation methods. This is particularly
challenging when determining meaningful state variables (cf. Challs. [I]and [2). The vast
number of possible interactions within high-dimensional state spaces complicates the
identification process, often rendering direct modeling infeasible. To address this challenge,
many approaches perform the identification of dynamics in a low-dimensional latent space,
where efficient ROMs can be constructed. However, this necessitates the simultaneous
discovery of both the reduced state variables and the latent dynamical model governing the
observed system behavior. To formalize this procedure and align it with the overarching
objective stated at the beginning of this thesis, we reformulate the problem setup in
the context of LDD.

Let us assume the HF data is produced from a high-dimensional system of Ordinary
Differential Equations (ODEs) as described in (2.3), where the system dynamics is governed
by an unknown function f(t,x,u): 7 x X x P — X that depends on the time ¢t € T,
the system states * € X, and some parameters or forcing terms pu € P. Then we
seek an efficient ROM by identifying a dimensionality reduction mapping ¢ : X — Z
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and a reconstruction mapping ¥ : Z — X along with a dynamical description of the
latent system f : 7 x Z x P — Z that expresses f in terms of the new set of latent
coordinates. The dynamics can then be evolved from a latent representation of the initial
state zg = ¢(xp). This can be summarized in the reformulated optimization goal

min
Fop MNsim

teT peP
st. &= f(t,z,pn), xo=x(to, 1) (7.1)
z=f(t,z,p), 2= ¢(w)
T = P(z),

where the reduced-order dynamical system, owing to its lower dimensionality, is expected
to significantly reduce the computational burden associated with solving the corresponding
system of ODEs. Recall that L : X x X — R is some objective function that measures

the approximation quality of the identified surrogate model.

To tackle this optimization goal, recent advancements in data-driven modeling have
facilitated the direct extraction of governing equations within a latent space. In par-
ticular, autoencoder-based methods have been integrated with Sparse Identification of
Nonlinear Dynamics (SINDy) for system identification |[ChampionEtAI19], with subse-
quent extensions to accommodate partial measurements [BakarjiEtAl23] and multi-fidelity
modeling |ContiEtAlI23b]. Other methodologies employ similar frameworks but do not
promote sparsity in the discovered dynamics. For instance, [FriesHeChoi22|] presents an
alternative framework for the identification of parametric latent space dynamics that omits
sparsity regularization, while [BonnevilleEtAl23] refines this methodology by integrating
Gaussian Processes (GPs) to interpolate latent-space ODEs.

Moreover, other approaches seek to identify effective coordinate systems for the description
of the dynamics. For instance, certain methods leverage Koopman operator theory to
construct representations in which originally nonlinear dynamics appear approximately
linear [LuschKutzBrunton18, BruntonKutz22]. Other approaches aim to infer hidden state
variables directly from observational data, such as video recordings [ChenEtAl22a], thereby
constructing implicit state-space representations without requiring explicit knowledge of
the underlying governing equations. For a comprehensive review of parsimonious model
discovery techniques, we refer to [KutzBrunton22l [BruntonKutz23]. However, many such
approaches overlook the opportunity to incorporate the intrinsic structural properties of
the system they seek to identify.

Adding Structure to Systems Physical systems typically belong to a specific class
characterized by fundamental properties such as conservation laws, symmetries, or intrinsic
structural constraints. Ideally, a discovered model should adhere to the same class, thereby

preserving the original structure and maintaining the fundamental properties of the original
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system. To achieve this, prior knowledge is often embedded directly into the learning
process through specialized model architectures, a concept known as inductive bias. This
approach constrains the discovered model to a predefined class of physically consistent
representations, ensuring that critical properties are inherently maintained. Enforcing such
constraints ensures that learned representations align with established physical principles.

Example 2. To illustrate the importance of incorporating prior knowledge and structural
constraints in the learning process, we consider a simple mechanical example: a Mass-
Spring-Damper (MSD) chain, as depicted in Fig. . For this demonstration, the
damping values are set to zero, ensuring that the system remains marginally stable. While
further details on this numerical example are provided in the numerical experiments
section (Section , they are not critical for the present discussion. Using simulation
data from this system, we identify a Linear Time-Invariant (LTI) model of the form
x = Ax + Bu through an approach similar to the one introduced in this chapter, but
without enforcing any structural constraints on the system matrix A. The implementation
details are omitted here, as the primary objective is to emphasize the qualitative effects of
disregarding structural properties.

As illustrated in Fig. the identified system exhibits multiple eigenvalues with positive
real parts, implying instability—contrary to the marginal stability of the original system.
As a result, simulations of this identified system may diverge, leading to qualitatively
incorrect and physically implausible outcomes. While this example is deliberately designed
to highlight the risks of neglecting inherent system structure, it effectively demonstrates
the potential consequences of failing to preserve key physical properties. Conversely, it
also underscores the advantages of incorporating structural constraints, ensuring both
stability and physical consistency in data-driven system identification.
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(a) A one-dimensional mass-spring-damper chain with 3 masses. (b) Eigenvalues A.

Figure 7.1: A mass-spring-damper chain (@) that serves as a simple mechanical example
for the model discovery purposes. The eigenvalues of the reference and the identified
unstructured (LTT) system are shown in (b and provide information about the identified

system behavior.
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In this chapter, we focus on the data-driven discovery of PH systems, which offer an
energy-based modeling framework particularly well-suited for multi-physical systems while
ensuring key system-theoretical properties such as passivity, stability, and boundedness of
solutions under mild assumptions. The framework, that we introduced in [RettbergEtAl24],
enables the identification of physically consistent, low-dimensional models while preserving
key system-theoretical properties inherent to the original system.

For this, high-dimensional state data is transformed nonlinearly into the low-dimensional
latent space using an Autoencoder (AE). Within this latent space, a linear PH system is
identified using our newly introduced Port-Hamiltonian Identification Network (PHIN).
By construction, the discovered system inherently satisfies the fundamental PH properties,
ensuring passivity and stability. The coordinate transformation learned by the autoencoder
and the PH system dynamics learned by PHIN are jointly optimized to ensure that the
latent dynamics accurately capture the observed system behavior while adhering to the PH
formulation. The whole procedure is referred to as Autoencoder-based Port-Hamiltonian
Identification Network (APHIN). Despite the linearity of the identified latent model, it
remains capable of representing nonlinear systems, as the autoencoder can handle the

system’s nonlinearity within the coordinate transformation. A schematic representation of
the overall workflow is provided in Fig. [7.2]

The key contributions of the presented framework include:

1. A structure-preserving, data-driven model discovery framework is developed for
PH systems, that ensures that the discovered models retain fundamental physical
properties.

2. It is shown that, despite the nonlinear coordinate transformation introduced by the
autoencoder, critical system-theoretical properties are preserved and correctly trans-
ferred from the low-dimensional latent space back to the original high-dimensional
system.

3. The proposed approach is validated on multiple benchmark systems, including
a low-dimensional parametric mechanical system, a nonlinear pendulum, and a

high-dimensional thermomechanical system.

The following sections provide an introduction to PH systems, outlining their fundamen-
tal properties and advantages for structured modeling. This is followed by a detailed
explanation of the structure-preserving model discovery method, PHIN and its integration
within an autoencoder framework. Finally, the effectiveness of the proposed approach is

illustrated through numerical examples.
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Figure 7.2: Schematic illustration of the APHIN approach: An autoencoder identifies a
low-dimensional manifold on which a PH system is identified.

7.1 Port-Hamiltonian Systems

PH systems provide an energy-based modeling framework in which energy functions
can be used to prove desirable system-theoretical properties and to interpret system
dynamics. Compared to classical energy-based approaches, such as Lagrangian and
Hamiltonian mechanics, PH systems offer distinct advantages by naturally incorporating
both dissipative effects and external interactions via ports. To account for these extensions,
PH systems replace the usual energy conservation through a dissipation inequality, ensuring
that the system’s energy remains bounded by the energy transferred through the ports.
This formulation is particularly advantageous for network modeling, as it enables the
physically consistent interconnection of different physical domains [SchaftJeltsemal4l
MehrmannUnger23| [DuindamEtAI09).

A fundamental advantage of this framework is its closure under interconnection: The inter-
connection of multiple PH systems inherently results in another PH system. This makes
them particularly favorable for modular multi-physical modeling, see e.g. [RettbergEtAl23].

Moreover, the explicit definition of ports facilitates hierarchical modeling, and pro-
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vides a structured interface for integrating controllers. Several notable control method-
ologies leverage the properties of PH systems, including control through intercon-
nection [Schaft20], interconnection and dissipation assignment passivity-based con-
trol [OrtegaGarciaCanseco04], and optimization-based approaches to measure the distance
to instabilities [GillisMehrmannSharmal8| [GillisSharmalT].

The general framework of PH systems allows for various representations. Among oth-
ers, there are linear time-variant, descriptor, nonlinear and infinite-dimensional PH sys-
tems [SchaftJeltsemald, MehrmannUnger23, [DuindamEtAIQ9]. In the present work, we
identify (parametric) LTI PH systems, which are defined by an initial value problem

a(t,p) = (J(u) — R(p))Q(pm)x(t, p) + B(p)u(t)
z(0, p) = xo() (7.2)
y(t,n) = B(pn)'Q(p)(t, p),

with inputs w(t) € R™ and outputs y(¢, u) € R™. Moreover, the individual matrices have
the following interpretation and properties:

Energy Matrix: A symmetric and positive definite matrix

Q(p) e R, Q(pn) =Q(un)" >0, (7.3)

which defines a scalar-valued function H : X x P — R, (@, p) — 2&7Q(p)x referred

to as the Hamiltonian or internal energy.
e Structure Matrix: A skew-symmetric matrix
J(p) e R J(p) = —J(p)7 (7.4)
representing internal energy flows.
» Dissipation Matrix: A symmetric and positive semi-definite matrix
R(p) e R, R(p) = R(p)" =0 (7.5)

accounting for energy losses

Input (Port) Matrix: A matrix B(u) € R"*",

The rate of change of the system’s stored energy can be expressed as

M) = y(Oru(t) - 20" QRQa() < y(t)u(r) (7.6)

=0

by applying the chain rule along with the relation VH(&(t)) = Q&(t) and omitting the

explicit dependency on the parameter vector p for brevity. This expression decomposes
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the energy change into two distinct components, a dissipative term characterized by R and
the power exchange through the port, given by y(¢)Tu(t). Since R is positive semi-definite,
the rate of energy change is bounded from above by the power introduced through the
port which leads to the dissipation inequality

SH(a(n) < y(Hrul) (7.7)

that can also be expressed in integral form

H(x(t)) < H(x(0)) + f y(s)Tu(s) ds. (7.8)
0
This demonstrates that the total energy in the system, H(x(t)), is bounded by the initial
stored energy, H(x(0)), plus the energy introduced or extracted via the system ports.
In addition to the linear formulation, the nonlinear PH system provides a more general
formulation of the PH framework as for example described in [RettbergEtAl24].

7.1.1 System-theoretical Properties of Port-Hamiltonian Systems

Several desirable system-theoretical properties can be derived from the dissipation in-
equality . In particular, it provides the basis for establishing passivity of the initial
value problem . For a PH system with a Hamiltonian that is bounded from below,
there exists a constant Hp;, € R such that H(x) = Huw, Vo € X'. By defining a storage
function as S(x) = H(x) — Huin, it follows that S(x) = 0 for all € € X. Moreover,
this function satisfies the dissipation inequality $5(x(t)) < w(t)Ty(t), where the term
u(t)Ty(t) is typically interpreted as the supplied power. This function fulfills the necessary
conditions for defining passivity (see, e.g. [SchaftJeltsemaldl Sec. 7]), demonstrating that
PH systems naturally exhibit energy-preserving and dissipative properties.

The storage function S of a passive system can additionally serve as a Lyapunov function
to establish Lyapunov stability of its equilibrium points. For a passive system with zero
inputs, i.e. u(t) =0 for all t € T, an equilibrium point that is also a strict local minimum
of the storage function S is inherently Lyapunov stable. This follows from the fact that
the dissipation inequality ensures .S((t)) < 0 along trajectories @(t) within a bounded
neighborhood Ay < X containing the equilibrium point. This condition guarantees that
small perturbations from the equilibrium do not lead to divergence, thereby satisfying
the criteria for Lyapunov stability (see, e.g. [MeyerOffin17, Sec. 12]). Under additional
assumptions, it can be demonstrated that the solution of a PH system remains within
a bounded neighborhood, see e.g. |[RettbergEtAl24]. Intuitively, the boundary of the
neighborhood Xy acts as an energy barrier. Since the input into the system is zero, the
total energy cannot exceed its initial value, preventing the system state from escaping this

bounded region.
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7.2 Identification of Port-Hamiltonian Dynamics

Most existing system identification methods in the PH research domain either require direct
access to the original governing equation matrices or operate within the frequency domain.
Additionally, purely data-driven approaches are typically constrained to low-dimensional
systems and do not integrate their identification framework into a Model Order Reduction
(MOR) setting. In contrast, our approach identifies PH systems in a fully data-driven,
non-intrusive manner using time-domain data. By leveraging standard deep learning
frameworks, we facilitate efficient gradient-based optimization, benefiting from the rapid
advancements in this field in recent years. This makes the methodology both scalable and
easily adaptable to a wide range of applications.

Addendum 3 (System Identification of and Structure-preserving MOR for PH Systems).
The discovery of PH systems from data is an active research field, with multiple recent
contributions addressing different aspects of the problem. Various approaches have been pro-
posed, including frequency-domain identification |[Schwerdtner21] and time-domain meth-
ods leveraging adaptations of dynamic mode decomposition [MorandinNicodemusUnger23].
Additionally, linear PH realizations have been inferred from input-output data
in [CherifiGoyalBenner22] and |OrtegaYin23] for single-input, single-output systems.
In |GoyalPontesDuffBenner23], the authors infer stable quadratic models using operator
inference by employing a PH-like decomposition of the system matrix.

Machine learning techniques have also been applied to the identification of PH systems.
The authors of [DesaiEtAl21] introduced PH neural networks, which parameterize the flow
of low-dimensional PH systems using neural networks without explicitly learning system
operators. Similarly, [NearyTopcu23)] utilizes neural networks to construct low-dimensional
PH systems while leveraging the network modeling properties of PH systems to decompose
the problem into simpler subsystems. In [SalnikovFalaizeLozienko23], machine learning is
employed to infer the connectivity structure of a system, enabling the transformation of a
known unstructured ODE into a PH representation. A broader review of machine learning
techniques for PH systems, with a focus on control applications, is provided in [Cherifi20)].
Additionally, a pseudo-Hamiltonian neural network, which does not impose structural
constraints on the forcing term and thus does not enforce passivity properties is introduced
in [EidnesEtAI23]. More recently, [YildizEtAl24)] proposes an approach for identifying
quadratic Hamiltonian systems using an autoencoder to either reduce high-dimensional
data or lift nonlinear data while weakly enforcing a symplectic structure in the latent
space.

Structure-preserving MOR techniques retain the desirable system-theoretical proper-
ties of PH systems even in reduced representations. There exist many structure-
preserving variants of conventional projection-based reduction methods for PH sys-

tems.  Notable examples include structure-preserving versions of moment match-
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ing [PolyugavanderSchafti0, [IonescuAstolfil3, |[EggerEtAl18], and balanced trunca-
tion [GuiverOpmeerl3, [BreitenMorandinSchulze22, |BorjaScherpenFujimoto23], tangen-
tial interpolation [BeattieGugercinMehrmann22, |GugercinEtAl12], as well as spectral
factorization [BreitenUnger22]. Optimization-based structure-preserving approaches have
been developed in [MoserLohmann20, |SchwerdtnerVoigt23]. Moreover, [RettbergEtAl23]
present a sensitivity analysis of structure-preserving projection for a dynamical system in

form of a classical guitar.

For nonlinear PH systems, the research area of MOR remains active and deals with
several unresolved challenges. Farly results include a Principal Component Analysis
(PCA)-based approach |BeattieGugercinli)] and an Hy quasi-optimal subspace selection
method |ChaturantabutBeattie Gugercinl6]. Generalizations of balanced truncation for
nonlinear PH systems are presented in [KawanoScherpeni8, |SarkarScherpen23]. Further-
more, MOR has been successfully applied to nonlinear flow problems [LiljegrenSailer20,
LiljegrenSailerMarheineke22] and to transport-dominated phenomena [Schulze23d]. More
recent work explores structure-preserving MOR using a nonlinear separable approxima-

tion ansatz [Schulze23b]. Lastly, [LepriBacciuSantina23] describe an autoencoder-based

reduction approach requiring access to Full Order Model (FOM) operators.

In this work, we introduce the Port-Hamiltonian Identification Network (PHIN), a novel
framework for discovering linear PH systems from data in both nonparametric and
parametric settings. However, restricting the model to a strictly linear PH formulation
may be overly constraining for highly nonlinear systems, potentially leading to significant
discrepancies between the identified model and the ground-truth dynamics. Additionally,
when dealing with data generated by highly nonlinear systems, a linear PH description may
not be well-suited to describe it. Hence, we address high-dimensional and nonlinear systems,
by integrating PHIN into an autoencoder architecture, resulting in the Autoencoder-based
Port-Hamiltonian Identification Network (APHIN).

Unlike in previous chapters, where the autoencoder primarily served as a dimensionality
reduction tool with limited emphasis on coordinate selection, the present setting shifts the
role of the autoencoder from pure dimensionality reduction to an essential component in
selecting an appropriate set of state variables via nonlinear transformations (cf. Chall. .
Approximating nonlinear systems with linear ones through a nonlinear coordinate trans-
formation is inspired by Koopman theory, which states that any nonlinear system can be
represented as a linear system in a sufficiently high-dimensional state space. While this
equivalence has not yet been rigorously proven for structured systems, it is a reasonable
assumption, as suggested in [YildizEtAI24]. Additionally, wrapping an autoencoder-based
framework around the linear system identification enables a transformation of the original
data into a state description that aligns with the PH formulation. Despite this shift in
focus, the general structure and functionality of the autoencoder remain aligned with
the explanations provided in Section Although the model discovery framework



134 Chapter 7: Structure-preserving Latent Discovery

is presented in the following to occur in the latent space, the methodology can also be
applied directly to non-transformed data. In such cases, we define the latent states as

being equivalent to the states, i.e. z == @.

7.2.1 PHIN: Port-Hamiltonian Identification Network

To introduce our approach, the plain identification of a general linear PH system with
inputs is considered first without leveraging an autoencoder. This initial step serves to
establish the foundational concepts underlying our methodology, prior to its extension to
scenarios coping with high dimensionality. For this, consider a set of observed parameter-

s

dependent state observations {z(t;; u;)}ie, < Z, their time-derivatives {2 (t;; i)}, < Z,
with respective inputs {u(t;)}=, and parameter vectors {u;};<; < P collected at discrete
time steps {t;};=; < T. If the time derivatives Z(¢;) are not directly available from the data,
they can be approximately obtained using numerical differentiation techniques. During
this chapter the parameter vectors u; are considered constant throughout one trajectory
and represent time-invariant quantities such as material properties. We account for these
dependencies by allowing the PH matrices J.R,Q, and B to depend on the parameter

vector .

Rather than identifying a general right-hand side f (t,z, ), we aim to identify a LTT PH
input-output system. Hence, we eliminate the explicit time dependency while introducing
an additional input term w. While the input could conceptually be considered part of the
parameter set u, we explicitly separate it to conform to conventional system-theoretic

notation for input-affine systems. In summary, we reformulate the right-hand side as

2(t,p) ~ f2(t ) pou(t) = (J (1) — R(n)Q(m)z(t, p) + B(plu(t)  (7.9)

so that it adheres to the aforementioned structural PH properties. This defines an initial

value problem with inputs and outputs as

st p) ~ f(z(tpm), p,u(t))
z2(0,p) =z (M) (7.10)
y(t, 1) = BT () VH(2(t, p)).

u
u

where, the dynamics are approximated as a PH system of the form ([7.2)) written in the
latent coordinates.

To achieve this, the corresponding PH matrices J (), R(p), Q(p), and B(p) must be
parameterized using trainable weights, allowing for their optimization to best fit the
given data. Moreover, we pursue an approach in which the parameterization adheres the
structural properties of the PH framework, ensuring that the properties defined for the PH
matrices in , , and are strictly enforced throughout the learning process.
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A common parametrization that guarantees the respective properties is

J () = Wi(p) — Wi (p)? —  J(p)=—-J(p)",

1:2(11) = Wr(p)Wr(p)" — Ii%(u) = :(N)T >0, 711)
Q(p) = Wo(u)Wo(u)" + posaerl  —  Q(p) = QT(p) > 0

B(p) = Wax(p),

where Wy (p) € R™" is a strict lower triangular matrix, Wgr(p) € R™" and Wg(p) € R™"
are lower triangular matrices and Wg(u) € R™™ is a dense matrix. By construction,
the identified matrix J(p) is skew-symmetric, while the matrices R(p) and Q(p) remain
symmetric and positive (semi-)definite due to the properties of the Cholesky factorization.
To enforce the positive definiteness of Q(u), a regularization term e€pqs qerd is introduced,
where €pos.def = 1 - 107° is chosen in case of single-precision computations.

Each of the matrices Wy (), Wr(p), Wo(p), and Wg(p) is assembled from a cor-
responding set of trainable independent matrix entries wy(u) € R'skev — wg(p) €
R wg(p) € R, wpg(p) € R™™. In this context, 7yew and rgm, denote the

number of independent entries in a skew-symmetric and symmetric matrix of size r x r, re-
r(r—1) r(r+1)

spectively, and are given by Tsew = =5, Tsym = —5 - L0 construct the corresponding

matrices from these independent matrix entries, we introduce three specialized operators

that assemble dense j x [ matrices, lower triangular matrices, and strict lower triangular
matrices, ensuring the correct structural properties are maintained throughout the learning
process. Those operators are given as

[w], [w],
My R — R w : N (7.12)
[w](j—l)-z+1 [w]g !
[w] 0
w w
Moy - Bom SR s | 02 P (7.13)
[w]'rsym ?
and
0 0
w 0
Mpit : Rk — R™7 w +— [ ']1 . _ , (7.14)

|:,u]]rskew



136 Chapter 7: Structure-preserving Latent Discovery

respectively. Accordingly, the weight matrices are assembled as

Wy = Mg (ws(p)),
Wg = My (wr(p)),

Wq = Mui(we(p)), and
Wg = My, (wp(p)).

(7.15)

We choose to parameterize the independent entries of the PH matrices with an artificial
neural network, which is why the proposed method is called PHIN. Specifically, we utilize
a deep fully connected neural network Wpy(u; Wy) : pu — wpp, where Wy represents the
trainable weights of the network. This neural network maps a given parameter vector p
to the independent matrix entries wpy = [w}, Wh, W, w}g] T, which are subsequently

used to assemble the corresponding PH matrices.

In summary, to obtain a PH matrix from a given set of parameters u, the parameters are first
processed through a fully connected neural network, which predicts the independent entries
of the matrix. These entries are then assembled using one of the three introduced operators
so that the final matrices can be computed according to . This computational pipeline

can be expressed as

I (1) = W) = Wa(p)" = Mo (wy (1)) — Magwi(wr ()7

R(p) = Wa(p)Wa(p)" = Mua(wr(p)) M (wr(p))?

Q1) = Wo()Wa()™ + €posdet] = Muit(wa (1)) Ml (wo (i) + €posaer]  (7.16)
B(p) = Wa(p) = My, (wp(p))

A visualization of this procedure is given in Fig. [7.3] The computed matrices implicitly
depend on the trainable neural network weights Wy, ensuring their adaptability for given
data while preserving the structural constraints of the PH framework.

The neural network weights Wy are optimized during training by minimizing the PH loss

function

LPH(W\P)
1 Z
B s i=1

so that the identified matrices JN(ui; Wy), R(M; Wy), Q(ui; Wy), and B(ui; Wy) ac-
curately capture the observed system dynamics. Here, the implicit dependency of the

2z — <<j(uz-;W\p) - R(ui;W\p)> Qi W)z +B(Ni§Ww)ui> E (7.17)

identified PH matrices on the neural network weights Wy is highlighted once. Additionally,
the following notational abbreviations 2; == 2(t;; u;), z; = z(t;; u;), and u; = u(t;) are
introduced for better readability.
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Figure 7.3: Mlustration of the computational pipeline of the PH identification network
(PHIN). The dependency on the time step ¢; and parameter p; is denoted as a subscript
o; for the states and omitted for the PH matrices for the sake of brevity.

This setup allows for the discovery of the unknown system matrices by optimizing the
loss function using gradient-based optimization techniques. In a non-parametric setting,
the neural network Wpy is omitted, and the vector of independent matrix entries wpy
is optimized directly. For the sake of brevity, we omit the explicit dependency on the
parameter vector p and the neural network weights Wy in the following discussion. This
does not alter the general procedure, and these dependencies can be reintroduced as needed
depending on the specific application.

7.2.2 APHIN: Autoencoder-based Port-Hamiltonian Identifica-
tion Network

For high-dimensional or nonlinear systems, the next step is to seamlessly integrate PHIN
into an autoencoder-based framework. Recall that an autoencoder consists of an en-
coder ¢.(x; Wy,) : X — Z, which maps the physical state variables to a reduced latent
representation z = ¢.(x), and a decoder 4(z; Wy, ) : Z — X, which reconstructs the
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original state from the latent space, satisfying the approximation x ~ 1p4(z). This setup
enables to embed PHIN within the latent space, ensuring that the trajectory of the encoded
states, z(t) € Z, is approximated by a trajectory Z(t) € Z that evolves according to the
identified PH dynamics. This leads to a reconstructed approximation of the original
system states, given by &(t) == 1pq(Z(t)), which serves as an approximation of the true
state trajectory x(t). This procedure is illustrated in Fig.

As previously mentioned, the AE itself has no notion of PH dynamics. Nevertheless, it has
the task to transform the system states into a suitable set of latent variables where a PH
representation is valid, while simultaneously reducing the dimensionality. To achieve this,
a joint optimization of the autoencoder and PHIN is performed. This involves minimizing
both the reconstruction loss and the PH loss (7.17)). By integrating these objectives
into a unified learning process, we introduce a learning bias (cf. [KarniadakisEtAI21]) that
encourages the AE to favor nonlinear transformations in which the latent dynamics appear
both linear and consistent with PH coordinates.

Following the example of [ChampionEtAl19], we introduce an additional consistency loss

Lcon (WAE7 W\Il>
(7.18)

— Vatpa(zi; Wag) <(J R)Qz; +Bu) H

ns =4

which aligns the reconstructed state time derivatives with the reference time derivatives .
Combining the three losses together result the overall objective to minimize

L(WAE7 W\Il) = )\rechec(WAE) + APHLPH<W‘II) + )\conLcon(WAE7 W\I’)

= — 2 \rec ||wz - ae(mi; WAE)H;

reconstructlon

+ Apm || 2 — ((j ~R)Qz; + Bui) Hz (7.19)

.

latent dynamics
2

)7
2
7/

+ /\con "Bz - vz’lpd(zi; WAE) <(j - R)QNZ,L + B’U,Z>

full dj;;lamics

where the loss factors Ajec;, ApH, Acon € RT are hyperparameters to adjust the weighting
of the individual loss terms. The purpose of the three primary components of the loss
function (7.19) are summarized as follows:

i) Reconstruction loss: Ensures that the full-state variables & can be accurately
reconstructed from the latent variables z via the decoder 1p4. This term minimizes

the discrepancy between the original data and its reconstruction.
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ii) Latent dynamics loss: Enforces that the identified PH system in the latent space
accurately captures the observed dynamics and that the encoder ¢, transforms the
system state into a suitable latent state for the PH description. Specifically, this term
minimizes the deviation between the latent time derivatives 2 and their predicted
values from the identified PH model.

iii) Full dynamics loss: Acts as an additional regularization term to ensure consistency
between the reference time derivatives of the full-state data, «;, and the reconstruction
of the approximated latent time derivatives V,1q(z;; Wag) ((j — I})sz + Bui>.
Hence, this term ensures that the inferred latent dynamics align with the observed
full-state dynamics.

In addition, the overall loss function can be augmented with L1 regularization Ly;(Wyg) =
AL |[We ||, on Wy to promote sparsity in the learned matrices.

As a general guideline for tuning the loss coefficients, the reconstruction loss and latent
dynamics loss, weighted by A, and Apy, respectively, are typically the most dominant
terms and should be set orders of magnitude larger than the full dynamics coefficient Acop.
The full dynamics loss becomes particularly relevant in scenarios where the learned latent
variables exhibit very small magnitudes. In such cases, increasing the coefficient Ao, helps
to prevent the underestimation of the latent dynamics loss so that consistency across
different scales is maintained. The selection of optimal hyperparameters is inherently
problem-dependent and requires careful fine-tuning for the specific dataset. Iterative
tuning and cross-validation have been shown to significantly enhance training stability

and convergence.

For high-dimensional state spaces where n » 1, the computation of the full dynamics
loss can be computationally expensive and memory-intensive. To mitigate this issue,
a linear reduction VTax € R™cA can be applied as a preprocessing step. This reduces the
state dimension before training, allowing the encoder ¢, and decoder 14 to operate in
a space of intermediate dimension npcy < n (see, e.g., [FrescaManzoni22]). A common
approach for determining the projection matrix V' e R™*"pca ig PCA, as described
in Section [3.2.3] However, this approach is not well-suited for problems with slowly
decaying Kolmogorov n-widths [BuchfinkGlasHaasdonk23|. Consequently, the choice of
the intermediate dimension npca presents a trade-off between accuracy and computational

efficiency.
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7.2.3 Evaluation of the Discovered PH Model

After the training is completed, the discovered PH system in the latent space is expressed
as LTI PH system of the form

y(t) = BTQz(t) , (7.20)

where J = —JTeR™" R=RT > 0 R™", Q = QT > 0 € R™" satisfy the PH properties
and Z, represents the encoded initial value. Structure-preserving time integration schemes,
such as the implicit midpoint rule [KotyczkalLefevrel9], can be used to compute the
time evolution of this system for new parameter instances and initial conditions. Such
integration schemes preserve the PH properties and its structure even in discrete time.
In contrast to calculations in the high-dimensional state space, the transformation into
the latent state enables fast computations of the dynamics. The computed time evolution
in the latent space can be transformed back into the physical space via the decoder,
yielding &(t) = 1q(2(t)).

Hence, the evaluation of our model is composed out of three key steps. First, the initial
condition is mapped into the latent space using the encoder. Second, the system’s time
evolution is computed using a structure-preserving time integration scheme, incorporating
the given initial condition, inputs, and parameters. Third, the latent trajectory is mapped
back into the physical space using the decoder. This workflow is visually represented in

Fig. [74]
Cac,, oy
wO
phys.

space

O(Xe\-
aec
(wi, i) |~ £(t) = (J - R)QZ() + Bu(t) — | —> (1) (1)
PHIN layer time
integration

Figure 7.4: Model evaluation of the identified system: The identified (parametric) PH
system is evaluated by performing time integration using the given input signals and
encoded initial values. The resulting latent state trajectory is then decoded back into the

high-dimensional physical space.
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System-theoretic Properties of the Identified Model in the State Space It can
be shown that, under mild assumptions, the system-theoretic properties and PH structure
identified in the latent space Z are also valid in the original physical state space X. Thus,
the structural advantages inherent to Z(t) € Z extend to the reconstructed physical states,
given by &(t) = 9a(2(t)) € X. A necessary condition for transferring the PH structure
from the latent space to the physical space is that the autoencoder satisfies the projection

property
(poopa)(2) =2 VzZeZ. (7.21)

This condition ensures that the autoencoder is invariant under function composition,
meaning that applying the encoder after the decoder does not alter the state.

If this assumption holds, and if it also remains valid after derivation with respect to the
latent state, the PH system identified by APHIN in the latent space Z defines a nonlinear
PH system on a submanifold of the physical state space, so that

i) The dissipation inequality (7.7) holds on the submanifold of the physical state space,

ii) The reconstructed Hamiltonian H="Ho @, remains bounded from below, ensuring
that the system retains passivity,

iii) A decoded Lyapunov stable equilibrium point from the latent space &, = 1q(2.) € X,
is also Lyapunov stable,

iv) The solutions in the submanifold of the state space remain bounded if the solutions
in the latent space are bounded and the decoder adheres to Lipschitz continuity.

For detailed proofs of these properties, refer to [RettbergEtAl24], where we established
these statements rigorously.

In practice, the assumption is generally not exactly satisfied. One approach to enforce
this property is discussed in [OttoMacchioRowley23], where autoencoder architectures are
explicitly constrained to ensure the projection property. Alternatively, [BuchfinkEtA124]
Thm. 6.4] argues that this property is approximately satisfied for a generic autoencoder,
provided that the autoencoder is Lipschitz continuous and the reconstruction loss is
sufficiently small. In the following numerical experiments, we adopt the second approach
and do not explicitly enforce the projection property (7.21)).

7.3 Results

In the following, we demonstrate the effectiveness of our proposed PHIN and APHIN

approaches through a series of numerical experiments. We begin with a mechanical PH
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benchmark system, specifically a MSD chain, which was introduced at the beginning
of this chapter. This serves as a validation case to assess the performance of PHIN
in isolation in an input-affine and parametric setting. Next, APHIN is evaluated on a
nonlinear low-dimensional system, highlighting its capability to learn structured latent-
space representations. Finally, we extend the analysis to a nonlinear high-dimensional
system with input-affine and parametric dependencies, demonstrating the scalability and
generalization of APHIN in more complex dynamical settings. The hyperparameters used
to create the data for the individual numerical examples, as well as the settings for the
identification of corresponding latent PH systems, can be found in Table [7.1]

7.3.1 Numerical example I: Mass-spring-damper chain

The first numerical example represents an one-dimensional MSD chain connected by links—
is a typical benchmark system in the PH research field, as visualized in Fig. A system
with three links can be formulated as a PH system using the displacements d =
dy, di1, dip]™ € R? and momenta @ = [g1, om, om]" € R? as states z = [d7, @7]". Accordingly,
this example represents a low-dimensional system that can be used to test the capability of
the PHIN method alone. This setup allows for a direct comparison between the identified

system matrices and their corresponding reference matrices.

For the chain with three links and input applied only to the leftmost mass and with
masses {my, my, mu}, stiffness values {ki, ki, ki }, and damping values {cy, ¢y, enp}, the
according system matrices read

0 0 0 100 0000 0 0
0 0 0 010 0000 0 O
~ 1 ~
Jzooooo | RZOOOOOO,(mg)
-1 0 0 000 000 ¢ 0 O
0 -1 0 000 000 0 ¢y O
(0 0 —1.00 0 0000 0 cm
(ke Ky 0 0 0 0] 0]
—lﬁ kl—FkH —k’H 0 0 0 0
R 0 —ky  kpy+km 0O 0 0 . 0
Q 0 0 0 m% 0 0|’ 1 (7.23)
0 0 0 0 mLH 0 0
|0 0 0 0 0 ﬁ_ 0]

Data Generation and Model Settings In a first step, parametric training data are
generated by varying the parameter vector p = (m, k, ¢), where, the mass parameters and
stiffness parameters are set to my = my = myy = m € [0.1,100] kg and k; = ky = kiyp =

k € (0.1, 100] %, while the damping parameters are set to zero, cg, ¢y, ey = 0 %, to obtain a
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Table 7.1: Hyperparameters for the different numerical examples.

Hyperparam. MSD chain Pendulum Discbrake
Category
AE - Number of layers: 3, Number of layers: 3,
Neurons per layer: Neurons per layer:
32 x 32 x 32, 64 x 32 x 16,
Activation: elu Activation: elu
Parametric Number of layers: 3, - Number of layers: 3,
PHIN Neurons per layer: Neurons per layer:
16 x 16 x 16, 32 x 32 x 32,
Activation: elu Activation: elu
Dimensions Full: n =16 Ful: n =14 Full: n =998
PCA: - PCA: nNpca = — PCA: npca = 8
Latent: - Latent r = 2 Latent r =3
Loss Factors ... = — Arec = 1 Arec = 1
)\PH = 1 )\PH = 01 >\PH = 01
Acon = — Acon = 0.001 Acon = 0.001
Api = 1-107%7 A =1-1071° Api=1-107%

Training Reg-

Select best weights

Select best weights

Select best weights

ularization w.r.t. val. data, w.r.t. val. data, w.r.t. val. data,
early stopping early stopping early stopping
Optimization Adam optimizer, Adam optimizer, Adam optimizer,
Learn. rate: 1073, Learning rate: 1073, Learning rate: 1073,
Batch size: 64, Batch size: 256 Batch size: 256
Epochs: 2000, Epochs: 4000, Epochs: 2000,
Loss: MSE Loss: MSE Loss: MSE
Data niain = 9(), nien =12, niAn = 48
ngclsrsrf = 30, n;iﬁf =0, nglel’s;'f = 20,
n A = 2000, n A = 500, n e = 3001,
ng" st = 1600, ny"t = 1000, n,"st = 3001,
tgﬁn = 20s, tg;a(in = 35, tteiiiin =3s,
thest = 16s thest = 10s thest = 35

system that is marginally stable. A damped harmonic input signal u(t) = e(=#"*) sin(utt?)

serves as input to the signal. It depends on the decay rate pj' € [0.125,2] and the

frequency uft € [0.5, 5] Hz, which are sampled using quasi-random algorithms. Moreover,
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each simulation starts from a different initial condition that is sampled in a similar manner.

Based on the obtained data, the parametric PH matrices are identified using PHIN,
following the methodology detailed in Section [7.2.1} To further elucidate the significance
of structure-preserving versus unstructured system identification—briefly introduced at
the beginning of this chapter—we additionally derive a second model in the form of an
LTI system following the same procedure as for APHIN without enforcing any structural
constraints. The identified matrices are subsequently compared with the reference matrices.
However, the PH representation is inherently non-unique. Consequently, rather than
directly comparing individual PH matrices, we evaluate the reference state matrix A and
input matrix B against the identified matrices. In case of PHIN, the approximated state
matrix corresponds to the product of the identified matrices, given by AP" = (J — R)Q,
while BFY represents the identified input matrix. For the unstructured model, the resulting
system matrix AY™7 is a real, dense matrix without any enforced structural properties.
Both identified systems are evolved in time using the implicit midpoint rule.

Results Asillustrated in Fig. the identified matrices exhibit a strong agreement with
their reference counterparts across various parameter samples for both the unstructured
LTT system and the structured PH system. However, an analysis of the error in the state
and input matrices reveals that the unstructured approach results in significantly higher
errors, whereas the sparsity patterns of the matrices are accurately preserved only by the
PH method. Furthermore, the identified PH model correctly determines that the input is
applied exclusively to the first mass, as indicated by the identification of near-zero values
for all remaining entries in B.

Examining the eigenvalues, visualized in Fig. [7.5b] we observe that PHIN correctly
identifies all eigenvalues near the imaginary axis, whereas the unstructured identified LTI
system exhibits eigenvalues in the positive real half-plane, confirming its instability as
previously discussed. This demonstrates that the PH representation faithfully preserves
the system’s inherent properties, which is further reflected in the time evolution of various
test simulations. As an illustrative example, Fig. presents a test trajectory of the
displacements of the three masses. The PHIN predictions closely align with the reference
solution, whereas the unstructured LTI system exhibits significant deviations. A more
quantitative assessment is provided in F'ig. where the mean state error across all test
trajectories confirms that the PHIN model significantly outperforms the unstructured LTI
system, ensuring both accuracy and physical consistency in the learned dynamics. The

overall relative errors are listed in Table [7.2
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(a) Reference matrices and the corresponding identified PH matrices, APH and BPH and
identified LTT matrices, AT and B! for five example parameter vectors p. The middle block
shows the element-wise absolute error for the system matrices.
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Figure 7.5: Results for the MSD chain. The corresponding identified system matrices can
be seen in (). The eigenvalues of the reference and the identified unstructured (LTI) and
structured (PHIN) systems, shown in (b)), provide information about the identified system
behavior. In , the displacements of the three masses is visualized, while (@) shows the

error between the identified and reference simulations over time.

7.3.2 Numerical example 1I: Pendulum

In the second example, we demonstrate the advantages and necessity of integrating the
identification of a linear PH system within a nonlinear coordinate transformation. To
this end, we consider a mathematical pendulum, a well-established nonlinear mechanical
system whose dynamics can be explicitly derived using the Hamiltonian formalism, see
e.g. |CastanosEtAll3]. A schematic representation of the pendulum is shown in Fig.

illustrating its configuration. The system consists of a massless rod of length [, to which
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end point a mass is attached. The Cartesian coordinates of the rod’s endpoint are given
by (pz, py). Additionally, the the small-angle approximation is not considered since the
maximum deflection of the pendulum is chosen to be |w| < 7.

The dynamics of the pendulum in Cartesian coordinates can be formulated as a Differential-
Algebraic Equation (DAE) system with the state vector

. . T
L =1 Pz Py Pz Py ) (724)

which consists of the endpoint positions and their time derivatives. The system is subject
to the geometric constraint
p2+p.—IP=0, (7.25)

which ensures that the motion is restricted to the feasible states. For many mechanical sys-
tems, it is more convenient to express the dynamics in generalized coordinates rather than
Cartesian coordinates. A natural choice for the pendulum is the angular displacement w
and the angular velocity w. The corresponding second-order nonlinear ODE governing the
system dynamics is given by

W= —%sinw. (7.26)

The Cartesian coordinates can then be expressed in terms of the generalized coordinates
as

.
x=|lIsinw lcosw lwcosw lwsinw | . (7.27)

Data Generation and Model Settings To identify the system dynamics, state data
is generated in Cartesian coordinates based on varying initial conditions. The simulations
used for training cover a range of 5s, while the test trajectories capture 10s to investigate
time extrapolation. Further details on the dataset and the implemented model are
provided in Table [7.1] To highlight the necessity of nonlinear transformations in the
proposed framework, we compare two distinct setups: Plain identification using PHIN and
identification embedded in the transformation using APHIN. In the first setup, the system
state can only be linearly transformed via @ and the state dimension remains n = 4. In
the second setup, the system states are nonlinear transformed via the autoencoder and
the dimension is reduced to r = 2, aligning with the state dimension of the pendulum in
generalized coordinates. Each identified system is then solved for unseen initial conditions.

Results The solutions obtained for a test trajectory are depicted in Fig. [7.6b] As
expected, just applying PHIN to the state data in an attempt to model the pendulum as
a linear PH system results in significant errors. This is caused by inherent nonlinearities
present in the pendulum’s dynamics. As shown in the results, PHIN alone produces an
identified system that does not accurately capture the system’s behavior but only the

variable p,, while the second state p, remains inadequately represented.
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Figure 7.6: Sketch of the mathematical pendulum along with the results of the PH
identification @

In contrast, APHIN effectively circumvents this limitation by identifying a set of coordinates
in which the pendulum dynamics can be described as a linear PH system. Indeed, employing
a nonlinear autoencoder to discover a coordinate transformation where the dynamics
exhibit approximate linearity, proves to be successful even though it is accompanied by a
dimensionality reduction to r = 2. As illustrated in Fig. [7.6D] the temporal evolution of
all states and their derivatives closely follows the reference solution, demonstrating not
only accurate reconstruction but also the capacity for time extrapolation. These findings
are further supported by the performance metrics presented in Table [7.2] which indicate
that nonlinear dimensionality reduction yields superior errors in both latent and state

space coordinates.
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Table 7.2: Performance measures.

E, Ey

mass-spring-damper

train — 0.08

test — 0.07
pendulum
PHIN

train 0.68 1.32

test 0.70 1.13
APHIN

train 0.06 0.05

test 0.16 0.15
disc brake
APHIN

train 291-107* 8.47-1073

test 5.44-107* 9.04-1073

7.3.3 Numerical example III: Disc Brake—A Coupled Thermo-
Mechanical System

In the final numerical example, the limits of the APHIN framework are assessed by
evaluating its suitability for a high-dimensional, parameter-dependent, and input-affine
system. This scenario imposes additional challenges in form of a substantial dimensionality
reduction with a simultaneous identification of a non-autonomous system with parametric
dependencies on material properties. Specifically, we aim to derive a low-dimensional PH
model for a disc brake system representing an application of significant practical relevance
to vehicle safety. A reliable simulation model of the disc brake enables the investigation
of dynamic phenomena that contribute to undesirable brake squeal, which arises due to
deformations induced by frictional heat generated during braking.

The HF model is realized using the Finite Element (FE) method in the commercial
simulation software Abaqus, which employs fully-coupled linear thermoelasticity equations.
The model consists of a single layer comprising 60 elements, leading to a total of n,,q. = 146
nodes. The discretized representation of the disc brake model is illustrated in Fig. [7.7]
where it is highlighted that the structure is clamped at four nodes. This constraint results
in a total of n = 998 Degree of Freedoms (DOFs). Each unconstrained node possesses
seven DOFs, comprising a single temperature-related DOF, along with three displacement
and three velocity DOFs, respectively. Consequently, the state vector for the disc brake,
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encompassing all nodes, is defined as
x = [ w' dT dT ]T e R"S, (7.28)

where to € R0 is the temperature, d € R*26 the displacements, and d € R426 the velocities.

This model exemplifies a common scenario in which access to the underlying operators is
restricted due to the closed-source nature of the software, thereby precluding the use of
intrusive model reduction techniques (cf. Chall. . Simultaneously, the computational
demands associated with the FE method can be substantially alleviated through our
proposed approach. Consequently, the presented framework provides an effective solution
for deriving a computationally efficient ROM solely from data.

7 @ clamped

B heat area

Figure 7.7: Discretized FE model of the disc brake. The areas where heat is applied are
colored in pink. The motion of the model is constrained at four nodes on the left, marked

in red.

Data Generation and Model Settings A parameterized scenario in which heat is
introduced into the disc brake is considered to assess the performance of our proposed
method. The heat enters at a designated input area comprising nine nodes (highlighted
in pink in Fig. [7.7). The applied heat flux, u* € [0.01,9.99] - 106 W/m”, is imposed as a
constant input u(t) = p* on these nodes. Two key material properties, the disc’s thermal
conductivity, [u], € [6.5,86.5] W/mK, and its density, [u], € [6850, 8850] kg/m®, shape the
behavior of the disc brake and form the the parameter vector, u € P = R2. Each full-order
simulation starts from an identical initial condition, £y = 0, while the parameter vector is
varied using a quasi-random sampling approach based on Halton sequences.

The exported simulation results from Abaqus include only the displacements, d, and the
temperature, . To accommodate the second-order structure inherent in mechanical
systems, the dataset is further augmented with velocity components, d, which are computed
using a second-order central difference scheme applied to the displacement data, d. Hence
the total dataset includes

{w(tjau‘])}?ilv {d(t]auj)}?ilv {d(t]auj) ?il? {u[t]] ;Lilv and {”’J ;Lil

Due to the multi-physical nature of the problem, the states in the different domains live
on different scales. Hence, each domain is scaled individually to ensure numerical values
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remain within a comparable order of magnitude. Additionally, all training inputs and
parameters are normalized component-wise to the interval [0, 1] based on the minimum and
maximum values observed across all training simulations. The same scaling factors derived
from the training data are subsequently applied to the test data. To further enhance
computational efficiency during model training, the dataset undergoes dimensionality
reduction to a intermediate state dimension through a preprocessing step using PCA

computed on the training data, which facilitates the learning process.

Results To account for the multi-physical nature of the problem, the normalized state
error is decomposed across the different physical domains. Accordingly, Fig. |7.8
presents the mean error in state space over all test trajectories, considering only the
respective contributions from temperature, displacements, and velocities. The results
demonstrate that the proposed framework effectively captures the heating and expansion
behavior of the disc brake. The mean test error remains low for the velocity component, d,
and is even lower for both the temperature, zo, and displacement, d, components. Further-
more, the results summarized in Table demonstrate an overall satisfying approximation

performance.
——all test scenarios —— mean test scenarios
d
il L 4
1072 - 10
& 1078 1077
10" - - 1070
:\ | | \: |
0 1 2 3 0
time in s time in s time in s

Figure 7.8: Normalized state error €, (5.3) divided into the different physical domains for
test data.

Beyond the globally defined error metrics, we also aim to provide local errors at the
individual nodes of the disc brake in a visually tangible way. To this end, Fig. |7.9
presents a comparative visualization of the 3D model, showcasing example test simulations
obtained from the FE software alongside the corresponding approximations generated
using our APHIN framework. This visualization illustrates the simulated deformation
and temperature distribution while also depicting the absolute error at each node across
different domains. As observed, the largest discrepancies in temperature and displacement
primarily occur in the vicinity of the heat input area, whereas the highest velocity

errors are concentrated on the opposite side of the clamping region. Despite these
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localized deviations, the framework accurately captures the overall behavior of the disc
brake across a range of parameter values and input variations. From a computational
perspective, the entire evaluation process—including encoding the initial condition, solving
the identified PH system from z,, and projecting the resulting trajectory back into the
state space—requires only approximately 0.1 s, underscoring the computational efficiency
of the proposed approach.

7.4 Discussion

The proposed framework introduces a structure-preserving system identification approach
within the PH formulation, enabling the identification of low-dimensional linear PH sys-
tems solely from data, even in parametric and input-affine scenarios and for potentially
high-dimensional systems. The identified PH system is parameterized by a neural network,
referred to as Port-Hamiltonian Identification Network (PHIN), which ensures that the
learned model retains key system-theoretic properties, including passivity and stability,
within the latent space. This formulation makes the identified model particularly well-
suited for multi-physics problems. For a low-dimensional input-affine and parametric
mechanical system, exemplified by a mass-spring-damper chain, the advantages of this
structure-preserving approach over an unstructured identification approach are demon-
strated. Specifically, the method accurately reconstructs the system matrices from data

while maintaining the desired system-theoretic properties.

For the identification of high-dimensional or inherently nonlinear systems, the PHIN
architecture is embedded within a nonlinear coordinate transformation using an autoen-
coder, resulting in APHIN. This autoencoder maps the original system states onto a
lower-dimensional latent space where their dynamics can be effectively described as a
linear PH system. Crucially, it can be shown that when the autoencoder satisfies the
projection property, the PH structure is preserved not only in the latent space but also
in the original state space. The advantages of this approach are demonstrated using a
nonlinear mathematical pendulum, where the autoencoder’s capability to perform non-
linear transformations of the system state proved crucial for enabling successful system
identification as a linear PH system.

Additionally, the framework is applied to a thermomechanical FE model of a disc brake,
demonstrating its effectiveness in modeling high-dimensional, parametric, and input-affine
dynamic behavior. For this example, a key advantage of the framework is its capability
to produce real-time capable ROMs. This efficiency stems from the lightweight structure
of the autoencoder, which relies solely on rapidly evaluable artificial neural networks, as
well as the low-dimensional nature of the PH system in the latent space, which can be
efficiently integrated using structure-preserving integration schemes. Overall, these results

demonstrate that the proposed framework successfully reduces system dimensionality to
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Figure 7.9: Visualization of the displacement and temperature distributions of the
disc brake for five representative test simulations, comparing the reference solutions
(first row) with their approximations obtained using our APHIN framework (second
row). The corresponding simulation parameters g and input u are indicated above
each disc brake visualization. Beyond displaying the simulation results, the approxima-
tion quality for temperature, displacement, and velocity fields is illustrated in rows
three to five, respectively, using color-coded discs that represent the local error at
each node. For enhanced visual clarity, the displacements are scaled by a factor of
400, and the last time step of each simulation is depicted. The used node-wise errors

, where [ indicates that

(a1l
12 ! 112
the corresponding quantity belongs to the I-th node of the model.

are €q = H[w]l - [é]l

its intrinsic order while identifying stable, passive, and approximately linear dynamics
in the latent space. Simultaneously, it preserves the ability to reconstruct the original
physical quantities, making it a powerful tool for structure-preserving system identification

across a wide range of applications.
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To further enhance the presented framework, autoencoders that inherently satisfy the
projection properties could be integrated to ensure the necessary conditions for transferring
the PH properties to physical space are met. Additionally, several promising extensions
are conceivable. For instance, incorporating state-dependent system matrices could enable
the learning of nonlinear PH systems. Another potential advancement involves encoding
each physical domain separately while explicitly learning the coupling dynamics in the
latent representation. This approach could improve the interpretability of the latent
coordinates and prove particularly beneficial in scenarios where different physical domains
operate on different scales, exhibit markedly different behaviors, or vary in the number
of associated DOFs. Furthermore, the ability to identify input-affine systems highlights
the framework’s suitability for control applications, particularly where efficient control of
complex systems is required. Moreover, the APHIN framework can already be adapted
to identify a higher-dimensional lifted linear system in the latent space, which may offer

advantages for certain nonlinear systems.

Despite these advantages, the framework’s inherent design imposes limitations on its
applicability. Specifically, it is restricted to dynamical systems that are both stable
and passive—an intentional constraint that renders it unsuitable for other system classes.
Furthermore, while the identified system in the latent space may generalize well to unseen
scenarios, the surrounding autoencoder remains susceptible to errors when extrapolating
beyond the training regime. Another notable sensitivity lies in the framework’s dependence
on data scaling and hyperparameter tuning, particularly the weighting of different loss
terms, which can significantly impact performance. Additionally, the method has not
yet been tested in more realistic scenarios where only partial or low-quality observations,
affected by measurement noise, are available. Since the framework relies on high-fidelity
data including accurate time-derivative information, its overall accuracy is inherently
linked to data quality. Addressing this challenge, i.e. developing a method capable of
performing latent model discovery even in a low-data, high-noise regime, is the focus of
the following chapter.

The code used to generate the presented results is accessible via
https://github.com /Institute-Eng-and-Comp-Mechanics-UStgt /APHIN

with a persistent release in [KneiflRettbergHerb24] under MIT Common License, while
the data can be found in [KneiflRettbergFehr24].
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Chapter 8

Generative, Physically Consistent and
Uncertainty-Aware Latent Discovery

In der Nacht sind wir frei.

In Verruf, Frei

Many system identification methods inherently constrain the identified model to a pre-
defined class to facilitate efficient learning, such as restricting models to stable linear
systems, as demonstrated in Chapter []] While these constraints can simplify the learning
process and ensure structural properties in many applications, they may impose excessive
rigidity in scenarios where the assumed model structure is not valid. In such cases, more
flexible and adaptive identification approaches are preferable, allowing for a broader range
of dynamical behaviors.

Moreover, data-driven Reduced Order Models (ROMs) produced by black-box modeling
techniques or system identification methods often lack robust mechanisms for Uncertainty
Quantification (UQ) and thus struggle with the challenge of lower quality data, c.f.
Chall. [6l Consequently, scenarios characterized by sparse data or the availability of only
noisy measurements present a significant challenge, resulting in a lack of adequate estimates
of model reliability. Generative models have shown remarkable capabilities in capturing
complex patterns and addressing uncertainties in high-dimensional data, notably in natural

language processing and computer vision.

In the context of ROMs, they offer transformative potential by enabling efficient synthesis
of Partial Differential Equation (PDE) solutions, enhancing noise robustness, and naturally
incorporating uncertainty quantification. While many generative models approximate
the underlying data distribution through probabilistic learning and thus enable efficient
sampling, their reliance on observational data lacks an explicit notion of dynamics. This

limitation undermines reliability, explainability, and accuracy when extrapolating to
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unseen scenarios in scientific computing. The absence of explicit physical constraints
can lead to inaccurate or non-generalizable predictions, restricting their applicability to
physical dynamical systems, cf. Chall. |3| Bridging this gap requires balancing the physical
consistency of data-driven discovery methods with the flexibility of generative models and
the benefits of UQ.

To address the lack of physical consistency in conventional generative methods, we in-
troduce a novel physical generative model presented in [ContiEtAI24] and this thesis. It
seamlessly integrates dimensionality reduction, dynamical system identification, and UQ
within a unified variational framework. This approach eliminates the need for explicit prior
knowledge while enabling the construction of flexible and nonlinear model representations
through rich, interchangeable function libraries. Within this framework, both the govern-
ing dynamics and the low-dimensional latent variables used to describe the system are
identified in an interpretable manner. Starting from a limited set of high-dimensional, noisy
observations, the proposed method constructs efficient ROMs by leveraging variational au-
toencoders for dimensionality reduction in conjunction with a newly developed variational
extension of Sparse Identification of Nonlinear Dynamics (SINDy). This combination

facilitates the discovery of compact yet expressive representations of the system’s dynamics.

The proposed method comprises three key components: Variational Encoding of Noisy
Inputs (VENI), Variational Identification of Nonlinear Dynamics (VINDy), and Variational
Inference with Credibility Intervals (VICI), each fulfilling a distinct role in the identification
and uncertainty quantification process. First, VENI is employed to infer the distribution of
reduced coordinates, while VINDy identifies the distribution of the coefficients of function
terms governing the underlying equations. Once trained offline, the framework enables the
rapid generation of full field solutions for previously unseen parameter instances and initial
conditions with low computational cost by VICI, which evolves an ensemble of generated
ROMs.

The major contributions of the presented framework are as follows:

1. A novel data-driven system identification framework, VINDy, is introduced which
leverages variational inference for governing equation discovery while incorporating

principled uncertainty quantification.

2. Dimensionality reduction (VENI), system identification (VINDy), and UQ on the
model and state predictions (VICI) are unified into a cohesive optimization framework.
This integrated approach is efficiently trainable through standard deep learning
techniques, ensuring both scalability and robustness.

3. The proposed methodology is validated on both low-dimensional chaotic dynamical
systems and high-dimensional PDE benchmarks. The results demonstrate the
framework’s capability to accurately recover governing equations, thereby enabling

the construction of interpretable and physically meaningful latent models.
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The following sections systematically introduce the core components of the proposed
framework. First, an overview of Variational Autoencoders (VAEs) is provided. This is
followed by a detailed explanation of each step within the proposed methodology. Next,
we demonstrate the effectiveness of the newly introduced VINDy method in identifying
interpretable and accurate dynamical models for the Lorenz system under varying noise
intensities and sources. Finally, the overall framework—comprising VENI, VINDy, and
VICI-is evaluated on benchmark problems involving applications in structural mechanics
and fluid dynamics.

8.1 Variational Autoencoders

Unlike standard autoencoders, VAEs do not map input data to a single reduced coordinate
but instead learn a probability distribution over the latent space, as illustrated in Fig. 8.1
Typically, this distribution over the latent variables is assumed to follow a Gaussian
distribution. In this formulation, the encoder network parameterizes the distribution over
the latent space by producing both a mean g4, () € R and a variance 19(2%(:8) € R" esti-
mate. These outputs define a multivariate normal distribution N (e, (), diag(d7 (x))),
where the covariance matrix is a diagonal matrix diag(93 (z)) € R™" with the vari-
ances 19(27)6(:18) along the main diagonal. We explicitly chose a diagonal structure to ensure
an independent realization of the latent variables. The output of the encoder, represented
as [ufﬁe 193,6T] T e R* has twice the dimensionality of the reduced latent space 7.

state reconst. state
T encoder decoder i

reparamet. trick
z=p+9OQey
Erp N(O, I)

Figure 8.1: Schematic representation of an VAE. For the sake of clarity, pe, and 193)6 are
abbreviated as p and 92

A state in the original space can be reconstructed by drawing a sample from the latent
distribution, i.e. z ~ N (pg, (), diag(¥3 (x))) and processing it with a probabilistic
decoder. This probabilistic formulation encourages continuity and smoothness in the

latent space meaning that nearby points in the reduced space correspond to similar
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reconstructions, and promote disentanglement of reduced coordinates |[HigginsEtAI18]
AlemiEtAl16]. Due to these properties, VAEs are widely employed in generative tasks,
where new data samples can be synthesized by drawing random samples from the latent
distribution. However, beyond their generative capabilities, VAEs also serve as powerful
tools in dimensionality reduction [MahmudHuangFu20] and dynamical system applications
[SoleraRicoEtAl24] [SimpsonEtAl24] [BotteghiGuoBrune22]. For a more comprehensive
theoretical foundation and methodological details, readers may refer to [KingmaWelling13],
RezendeMohamedWierstral4].

Variational Inference In particular, VAEs address the problem of variational inference,
aiming to approximate the posterior probability distribution (posterior) p(z|x) over a hid-
den latent variable z, given observations @ (in this case, state space data). The fundamental
assumption is that each high-fidelity data point & can be generated from a corresponding
latent variable z following a probability distribution p(x|z). The objective is to determine
an optimal output distribution within a selected family of distributions &2 over R", such
that the generative process implemented by the decoder—from z to x—effectively models
the observed data. The optimal distribution is determined by maximizing the likelihood
of each x in the training dataset D under the generative model, i.e maximize

p@) = | plalz)p(z)dz (5.1

where the prior distribution (prior) over latent variables, denoted as p(z), is predefined
and can be selected from various probability distributions. Typically, it is assumed to
follow a Gaussian distribution A (0., I,.) with zero mean and unit variance.

Evidence Lower-Bound However, the integral in (8.1]) is in general intractable, making
direct optimization infeasible. To circumvent this issue, the Evidence Lower-Bound (ELBO)

logp(z) — KL(q(2[2) || p(z|2)) = E=.vgllog p(x]2)] — KL(q(2]) | p(2)),  (8.2)

is optimized instead. In this context, KL(-) represents the Kullback-Leibler (KL) divergence
that quantifies the discrepancy between two probability distributions. The goal is to find
an approximation of the posterior ¢(z|x) such that samples drawn from it are likely to
have generated the observed data . The ELBO serves as a lower bound for , meaning
that maximizing it indirectly maximizes the original objective, i.e. the likelihood of each
state @ in the training dataset. Consequently, the term KL(q(z|x) || p(z|x)) acts as an
error term, measuring the divergence between the approximate posterior ¢(z|x) and the
true posterior p(z|x). Minimizing this divergence improves the approximation quality,
thereby tightening the ELBO on logp(x) and bringing it closer to the actual objective
function.
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While the left-hand side of remains intractable, the right-hand side provides a com-
putationally feasible alternative, enabling practical optimization through a reformulation
that can be directly evaluated. The first term E,.,[logp(x|z)] in the right-hand side
corresponds to the reconstruction objective, ensuring that the log-likelihood of @ given a
latent variable z sampled from the approximate posterior ¢(z|x) is maximized. In other
words, this term enforces that the input data can be effectively reconstructed from a
sample in the latent space. The second term KL(q(z|x) || p(z)) serves as a regulariza-
tion constraint, encouraging the approximate posterior ¢(z|x) to align with the prior
distribution p(z). This ensures that the latent representation learned by the encoder ¢,
remains structured and adheres to the assumed prior distribution over the latent variables.
For a detailed derivation of the ELBO, obtained by applying Bayes’ theorem to the KL

divergence between the approximate and true posterior distributions, we refer to [Yu20].

In VAEs, the variational inference problem is addressed by parameterizing both the
likelihood and the posterior distributions using neural networks. The likelihood function
is modeled by the decoder

Pa:R"— &, such that 2z — a(z; Wy,) = p(x|z; Wy,), (8.3)

mapping the latent variables z into an output probability distribution & over R", thereby
reconstructing the input data. Similarly, the approximate posterior ¢(z|x) is modeled by
the encoder

¢ : R" > 2, such that x — ¢e(x; Wy, ) = q(2|x; W), ), (8.4)

where the input data @ is mapped into a probability distribution within a family of distri-
butions £ on R" in the latent space, approximating the true posterior. The weights W,
and Wy, of the encoder and decoder networks are optimized to identify suitable candidates
for these distributions, ensuring that the learned representations effectively capture the
underlying structure of the data. Correspondingly, the training objective can be

reformulated as loss function

Lyae(We,, Wy,) = Eog(zpz) [log ¥a(z; Wy, )| — KL(@e(x; Wy, ) || p(2)).  (8.5)

Reparameterization Trick Direct sampling from the distribution defined by the en-
coder @, is inherently non-differentiable, rendering gradient-based optimization techniques
inapplicable. A solution arises if the family of distributions for the encoder is closed under
linear transformations. The key idea is to introduce an auxiliary noise variable that is
sampled from the same family of distributions but remains independent of the network
parameters. Specifically, in the case of a Gaussian distribution, the noise variable &, is
sampled as g, ~ N(0,, I,.), and a sample from the encoder’s posterior distribution is
obtained as

2z = po, (T;) + € © 97, (x;), (8.6)
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where O represents the Hadamard product (element-wise multiplication).

This trick is known as reparameterization trick [KingmaWelling13] and also holds also
for Laplace distributions in which case &, ~ £(0,, I,). By restructuring the sampling
process in this manner, the stochastic operation is effectively decoupled from the network
parameters, shifting it outside the computational graph. This transformation ensures
that the latent variable z remains differentiable with respect to the network parameters,
allowing the ELBO function to be efficiently optimized using gradient-based methods.

8.2 VENI, VINDy, VICI — a variational reduced-order
modeling framework with uncertainty quantifica-

tion

The framework presented in the following leverages Latent Discovery of Dynamics (LDD)
and variational methods to construct a generative model capable of producing physi-
cally consistent and interpretable ROMs. Additionally, it incorporates UQ into both
model training and inference, embedding uncertainties in model parameters and state
evolution. A distinguishing feature of our method is its preservation of the compu-
tational efficiency and scalability that are intrinsic to variational techniques circum-
venting the substantial computational overhead associated with alternative Bayesian
methods [HirshBarajasSolanoKutz22, [MarsGaoKutz24, NivenEtAl24] and weak-form ap-
proaches [MessengerBortz21],[WangHuanGarikipatil9]. Hence, it maintains computational
feasibility without compromising the expressiveness and accuracy of the learned models.
The integration of data-driven discovery of reduced variables and governing equations
with uncertainty quantification enables the development of automated, interpretable, and
uncertainty-aware models that can reliably capture the dynamics of complex systems.

The method consists of three components:

i) VENI (Variational Encoding of Noisy Inputs). A VAE is employed to identify the

distribution of latent states from high-dimensional, noisy snapshots.

ii) VINDy (Variational Identification of Nonlinear Dynamics). A probabilistic dy-
namical model is discoverd based on a sparse linear combination of a predefined
library of candidate functions. Hence, this component is a variational extension to
SINDy [BruntonProctorKutz16] with the key distinction that it replaces the multi-
plicative deterministic coefficients with probability distributions. This modification

enables the model to quantify uncertainty in the inferred governing equations.

iii) VICI (Variational Inference with Credibility Intervals). During VICI the generative
model produces ROMs that are utilized to produce full-time solutions for previ-
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Figure 8.2: The VENI, VINDy, VICI framework. A variational autoencoder transforms
high-dimensional, noisy data into low-dimensional, latent random variables (VENI). The
dynamics of the latent variables are identified by VINDy in a joint training procedure. In
the subsequent online phase, VICI produces noise-free, full-field solutions with uncertainty
bounds.

ously unseen parameters and/or initial conditions. Simultaneously, VICI provides
uncertainty quantification by leveraging the learned probabilistic representations
and ensemble-based predictions.

In the offline phase, VENI and VINDy are trained simultaneously. This ensures that the
low-dimensional embedding found by the VAE does not only account for reconstruction
qualities but also for the dynamics discovered of VINDy. In the online phase, VICI can be
utilized to produce physically consistent ROMs that efficiently and reliably approximate
full-time solutions. The complete workflow is illustrated in Fig.

8.2.1 VENI — Variational Encoding of Noisy Inputs

In VENI, a VAE is employed to encode the high-dimensional, noisy data into a low-

dimensional latent representation. The general procedure follows the former explana-
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tions on VAEs. An encoder ¢o(x;Wy,) : X — 2 maps « onto the low-dimensional
x; Wy,) = ¢e(x; Wy, ) within a preselected fam-
ily of distributions 2 on the low-dimensional, latent space Z < R”"; and a decoder

approximated posterior distribution ¢(z

Ya(z; Wy,) : Z2 > & transforms samples from the latent coordinates z into an output
probability distribution p(x|z; Wy, ) = a(z; Wy, ) within a chosen family of distribu-
tions & on the high-dimensional, physical state space X < R".

The families of distributions 2 and & must be chosen specifically so that the weights,
Wy, and W, can be optimized using standard machine learning techniques. A common
approach in VAEs is to choose the output distribution family & for the decoder to be
Gaussian. Specifically, given a latent variable z, the likelihood function is modeled as

de(z; W"Pd) = p(w|z; W¢d) =N (/“I’T/)d(z; W¢d>71921-n) . (87)

The mean function pry, (2; Wy, ) € R" is implemented via a multi-layer feed-forward neural
network, while the covariance matrix is assumed to be isotropic depending on the scalar
hyperparameter 2. While other continuous probability distribution that are parameteriz-
able by weights W,,, could be used as well, adopting an isotropic Gaussian distribution
offers a significant advantage. Specifically, the expectation term E..q(zjz)[log ¥a(2; W, )]
in the loss function becomes proportional to the squared Euclidean distance ||z — &|5
between the neural network’s reconstructed mean output & = py,(2z; Wy, ) and the
original data x, see [Yu20]. Consequently, the decoder can be trained using the classical
reconstruction loss of standard autoencoders . This simplifies the training process
while a probabilistic interpretation of the model is maintained.

For the approximated posterior distribution family 2 of the encoder ¢,, the same family
is selected as assumed for the prior over the latent variables. In the following, this prior is
assumed to follow a multivariate Gaussian distribution with independent latent variables,
i.e. p(z) = N(0,, I,). Consequently, the encoder parameterizes a Gaussian distribution
following

Go(; Wy,) = q(2]2; Wy,) = N (pg, (@ Wy,), diag(95_(2; We,))) , (8.8)

where both, the mean vector pg, (x; Wy, ) € R” and the variance vector 93 (z; W, ) € R,
are computed via a multi-layer feed-forward neural network. This choice offers a significant
computational advantage, as the KL divergence term KL(¢e(x; Wy, ) || p(2)) in can
be expressed in closed form for certain distributions, such as Gaussian and Laplacian, see
e.g. [Meyer21]. This closed-form solution simplifies the optimization process and reduces

computational overhead, making the variational autoencoder more efficient to train.

8.2.2 VINDy — Variational Identification of Nonlinear Dynamics

Despite VENTI’s capabilities in identifying low-dimensional variables from which the high-

dimensional distribution can be generated, they do neither account for time nor dynamics.
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Consequently, introducing a VAE in a reduced-order modeling setting is just the first step
in the task of approximating the full dynamics. The second step must involve a strategy

to describe the latent dynamics and evolve them in time.

In VINDy, we aim to identify a system of Ordinary Differential Equations (ODEs)

Z(t,p) = ft, z(tp);p), teT, (8.9)

z(0, ) = 2o, '
that govern the evolution of the latent variables, where zy ~ ¢.(x) and 2z represents the
latent states’ time derivatives. In particular, we are interested in identifying the unknown
function f that encodes the dynamics of the low-dimensional system. For this objective,
we extend the principles of SINDy [BruntonProctorKutz16] into a probabilistic framework,
allowing for uncertainty-aware discovery of the governing equations. Similarly to SINDy,
we model the right-hand side of the latent governing equations,

2(t,p) = f(t,z,p) = EO(z, p), (8.10)
as a linear combination of candidate basis functions taken from a predefined li-
brary ©(z, u) € R™®. This library consists of predefined (nonlinear) functions constructed
from the latent variables z and input parameters p, see Section £.2.1] The associated
coefficients & € R"™"® determine the contribution of each candidate function to the
system’s dynamics.

Unlike the classical deterministic approach, we model z and E as random variables to
account for uncertainty in the learned dynamics. Please note that without loss of generality
the parameters p are assumed to be deterministic in the following. Consequently, the
dependency on them for all random variables is dropped. Moreover, we assume that
the system dynamics are generated by an underlying random process following formu-
lation (8.10), defined by the unknown probability distribution of the coefficients p(Z|2)

with a prior distribution p(Z) over R"*"®_ In particular, we assume
A8 2~ N (E@(z,u), 1§QI> , (8.11)

where 92 is a scalar hyperparameter. Each entry [E] ;; represents an independent scalar
random variable, determining the contribution of the i-th candidate function to the j-th
equation of system (8.10]), which defines the dynamics of z;.

To learn the latent dynamics within a variational framework, the unknown distribu-
tion p(E|2) must be approximated by a posterior distribution ¢(Z|2; Wg). This posterior
is sought within a predefined family of distributions, Zyinpy, over R™*"®. The posterior
is parameterized by trainable weights Wz and incorporates a prior distribution p(Z),
allowing the model to capture uncertainties in the system coefficients. Specifically, we
define Zyinpy as a distribution family that can be parameterized by a set of learnable
weights Wz = {Wg, € R7"®, Wg_, € R™*"®}, where each entry [WE“]Z.J. and [Wa ]ij

directly defines the distribution parameters of [Z], ;- Consequently,
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o the weights represent the mean and variance [E],. ~ N ([WE“LJ. , [Wgﬁ]ij) if the

)
posterior family is chosen to be Gaussian.

o the weights correspond to the localization parameter and scale factor [E],. ~

ij
L ([Wsu]ij , [WEMLJ') if the posterior family is chosen to be Laplacian.

Further details on the selection of distribution families can be found in [ContiEtAl24].

It is important to note that, unlike the posteriors approximated by the encoder and
decoder distributions in VAEs, the approximated posterior for 2 does not exhibit an
explicit dependence on the conditioning variable z. While the encoder and decoder
posteriors explicitly take their respective conditioning variables, x and z, as inputs (see
—), the coefficients solely depend on the weights defining the corresponding
distribution. To emphasize this distinction, we denote the posterior ¢(Z|2; Wg) simply
as ¢(E) in the subsequent formulation.

The next step is to determine suitable posterior distributions that accurately capture the
observed dynamics while minimizing the approximation error for z. To achieve this, the
objective in VINDy is to maximize the probability of the latent time derivatives, p(2),
analogous to the objective in VAEs, which seeks to maximize the data likelihood p(x).
To derive a practically computable loss function from the theoretical objective, we start
with the KL divergence between the approximated posterior ¢(Z) and the true one p(E|2)

formulated as

KL(¢(B) || p(E|2)) = Ez~yz)[log 4(E)] — Eg~qz)[log p(E|2)]
=E== log q(E)] — Ezq=) [logp(E|2, 2)]
- P(E, 2)p(2[E, 2)
- EE~q(E) [log q(:")] - E’:NQ(E) |:10g (z‘z)p(z)

,\
o
<
=
jol)
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p(E)p(z)p(2[E, Z)} (8.12)

The resulting expression is derived by applying the definition of the KL divergence,
leveraging Bayes’ theorem for the second term, and exploiting the assumed independence

between E and z.

The second component required to arrive at the final loss is the KL divergence between

the true conditional distribution p(z|2) and its variational approximation ¢(z), which can
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be expressed as

KL(q(2) || p(2|2)) = Ezvg(z)l0g ¢(2)] — Ezvq(z) [log p(2]2)]
= E.qn)llogq(2)] — E.<yz)[logp(2)] — E.wqz)[log p(2]2)] + logp(2) (8.13)
= KL(q(2) || p(2)) — Ezvq(z)[log p(2]2)] + log p(2).

Summing up (8.12)) and (8.13)) results in

KL(q(E) [| p(E|2)) + KL(¢(2) || p(2]2))
)

|
P(E)) — Ezvgz) log(p(2[E, 2))] + logp(]2) + (8.14)
p

The final equality is justified by a standard assumption in stochastic gradient descent-
based methods: During each optimization step, a single sample of z is drawn,
and logp(2|z) approaches the expectation E,_4)[logp(2|z)] so that their difference
logp(2|z) — E, gz [logp(2|z)] ~ 0 is approximately zero.

Finally, we can reformulate (8.14]) into an equation

logp(2) — KL(q(E) | p(E[2)) — KL(¢(2) || p(2]2))

)
= Bz [log(p(2|E, 2))] — KL(¢(E) || p(E)) — KL(4(2) || p(2)),

(8.15)
where the actual objective to maximize p(2) minus an error term (left-hand side) is
equivalent to the right-hand side that is a tractable objective function. Hence, this

equation can be seen as the ELBO equivalent in VINDy.

8.2.3 Joint Optimization of VENI and VINDy

In the following, we want to combine the two key components of our framework for a
simultaneous identification of reduced variables via VENI and latent governing equations
through VINDy. Thus far, these tasks have been considered in isolation by independently
optimizing the respective objective functions (8.5|) and . However, a joint optimization
strategy can enhance the identification of structured and dynamically meaningful latent
representations, particularly since the optimization objectives of VENI and VINDy partially
align. Both methods aim to approximate a suitable posterior distribution ¢(z) for the

latent variables, indicating a natural interdependence between the two components.

Hence, VENI and VINDy are simultaneously solved in an unified offline phase by maxi-
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mizing

w, X 1y Beop | Bovgioimll0g pa(2)] - 2KL (e (2) || p(2)) +

i g
reconstruction posterior for z

(8.16)
Bz [log(p(2|Z, 2))] = KL(¢(E) | p(E)) |-

latent dynamics posterior for =

This optimization objective represents a combination of all terms appearing in and
for a given training dataset D. In this context, the VINDy latent posterior ¢(z) is
substituted with the VAE latent posterior ¢.(x). This adjustment is made in order to
obtain a unified approximation for the posterior from which samples can be drawn.

By adopting this joint learning strategy, we simultaneously learn the distribution of the
coefficients Z along with the encoder ¢, and decoder 14 distributions. Since both the
encoder and decoder are modeled as neural networks parameterized by weights W,
and Wy, and the distribution of = is also parameterized by trainable weights Wz, it
becomes straightforward to optimize all the unknown parameters W, , Wy, W= through
backpropagation using standard gradient-based methods.

Reformulation of the loss In order to transform the probabilistic loss function (8.16)),
into a data-driven practical optimization problem, a series of steps must be taken. These
steps include the addition of a full dynamics regularization term, the replacement of expec-
tation terms, the application of the reparameterization trick for differentiable sampling, and
the use of closed-form expressions for the KL divergence terms. The reparameterization
trick is applied to ensure the differentiability of the sampling process for latent variables
from the encoder’s approximated posterior distribution during training, c.f. Section |8.1|
In addition to samples of the latent states z;, samples of the latent time derivatives z;
are also required for computing the loss function (8.18)). Based on the reparameterization
trick , these samples can be obtained by applying the chain rule to the derivatives
of the full-state variables @. Specifically, the latent state derivative samples z; can be
expressed as

As detailed in Section the reconstruction loss in becomes proportional to the
squared Euclidean distance between the data x; and the mean output of the decoder x;
when an isotropic Gaussian distribution is assumed for the decoder, as in (8.7)). This
implies that E, y(zje)[l0g ¥a(2; Wy, )|oc||2; — @4]|5. Similarly, the latent dynamics loss is
proportional to the squared Euclidean distance between the latent time derivatives z; and
their approximation E;0(z;, u) when the posterior distribution of 2 is assumed to be

Gaussian, as in (8.11)). This leads to Ezym) [log(p(2|, 2))] oc[|2; — 2O (2, p) |-
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As already mentioned, under the assumption that the posterior distributions ¢(Z)
and q(z|x;) = ¢.(x) belong to the same family of distributions as the corresponding
priors, the KL divergences can be expressed in closed form for Gaussian or Laplace distri-
butions, see e.g. as described in [ContiEtAl24, Appendix A.2.]. By minimizing these KL
divergences, the posterior distributions are pushed closer to the selected priors.

All these steps lead to the reformulated data-driven loss

. 1 2
w0 e (o 23— 3015+ oKL (62 12

~ ~~

reconstruction posterior for z

Hanllé - 0wl + e KL W@ [ 0E)

latent dynamics posterior for 2

+ C\con ||331 - vzd’i(zi)e)(zﬁ N)Ez”z)

full dynamics

that can be utilized in standard deep-learning frameworks. In , the expectation
is approximated by the mean over all samples in the training set. Moreover, x; and x;
represent the full state variables and their time derivatives for the i-th training snapshot,
while z; and z; denote their latent counterparts. The variable E; is a sample drawn
from the coefficient’s approximate posterior distribution ¢(2) and &; = py, (2i; Way,)
refers to the mean of the decoder output distribution generated from the corresponding
latent sample z;. A visual representation of the combined VENI and VINDy procedure is
provided in Fig. [8.3] illustrating how these components interact to deliver interpretable,

uncertainty-aware dynamical models.

The loss function (8.18)) consists of five key terms, each playing a distinct role in the

training process:

i) Reconstruction loss: Ensures that the full-state variables & can be accurately
reconstructed from the latent variables z through the decoder v4. This term

minimizes the discrepancy between the original data and its reconstruction.

ii) Posterior for latent variables: Encourages the approximated posterior distribution of
the latent variables, represented by the encoder ¢.(x), to align with the selected
prior p(z). This regularization promotes a structured and well-behaved latent space.

iii) Latent dynamics loss: Ensures that the identified dynamical system in the latent
space accurately matches the observed data. This term minimizes the difference
between the latent time derivatives z and their predicted values from the identified

dynamics model.

iv) Posterior for VINDy coefficients: Compels the approximated posterior distribution
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Figure 8.3: A schematic representation of the VENI and VINDy steps. The encoder maps
the snapshot data @ into the corresponding posterior distributions ¢.(x), from which we
sample the latent states z. Latent states are passed to both the decoder and VINDy setup.
Within the decoder, the sampled latent states z are used to reconstruct the full-state
distributions. Simultaneously, in the VINDy framework, the coefficients 2 governing the
dynamical model are sampled from the posterior ¢(2). These coefficients, in combination
with the sampled latent states z and system parameters p are used for the identification

of the dynamical system representation.

of the VINDy coefficients ¢(E) to remain close to the selected prior p(E). This
regularization helps maintain sparsity and robustness in the identified dynamics.

v) Full dynamics loss: An additional regularization term as proposed in

[ChampionEtAl19], ensuring consistency between the reference time derivatives of
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the data @; and the mean value of their reconstruction from the approximated latent
time derivatives V,&;(z;)E2;0(z;, ). This term aligns the latent dynamics with the
observed full-state dynamics.

The weighting coefficients {Aec, Ag(z), Adyns AgE)s Acon} € RT are hyperparameters that
control the relative contribution of each term in the loss function. As a general guideline,
the most dominant terms are related to the reconstruction loss and the identification of
latent dynamics, i.e. Arec and Agyn. These weights should be orders of magnitude larger than
the remaining coefficients A\y(z), Agm), and Acon, Which are associated with regularization
terms. This prioritization ensures that the primary focus remains on accurate state
reconstruction and reliable dynamics identification. In cases where the learned latent
variables exhibit very small magnitudes, the latent dynamics loss might appear deceptively
low due to scaling effects rather than accurate dynamics identification. To mitigate this
issue, the coefficient A\.,, can be increased, emphasizing the full-dynamics consistency
loss, which ensures that the identified dynamics align with the original time derivatives
of the full state. This adjustment helps maintain consistency across scales and prevents
underestimation of the latent dynamics loss.

For the KL divergence terms (Ayz) and Ayz)), a prioritized weighting strategy similar to
the one used in 5-VAEs [HigginsEtAl17] can be applied. This approach encourages more
efficient latent encoding and promotes disentanglement of the latent variables, resulting in
a more structured and interpretable latent space representation. Ultimately, the choice
of hyperparameters is problem-dependent and must be carefully adjusted to the specific
dataset. Iterative tuning and cross-validation can significantly improve training stability
and convergence performance. Proper regulation of these hyperparameters ensures a
balanced optimization, where both primary objectives and regularization effects contribute

to a well-behaved and robust model.

8.2.4 Adaptive Sparsity Promotion via PDF Thresholding

Following the joint optimization of VENI and VINDy, a post-processing step can be applied
to promote sparsity in the identified dynamical model. Specifically, coefficients with large
uncertainty centered around zero—indicating an unclear or inconsistent contribution to the
dynamics—are pruned. The core idea is to discard coefficients whose Probablity Density
Functions (PDFs) at zero exceeds a predefined threshold, i.e.

pdf(0) > 7. (8.19)

The threshold value 7 acts as a hyperparameter that controls the level of sparsity in the
identified system, providing a flexible and effective mechanism for model refinement. This

adaptive approach ensures that coefficients with small magnitudes are retained if their
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contribution remains reliable, unlike more rigid methods such as sequential threshold-
ing [BruntonProctorKutz16], where all coefficients below a fixed magnitude are removed
indiscriminately. By selectively pruning coefficients based on uncertainty rather than
magnitude alone, this method preserves essential components while enhancing the inter-
pretability and robustness of the identified dynamics.

8.2.5 Variational Inference with Credibility Intervals

Once the offline training phase is complete, VICI can be employed during the online phase
to query the fitted model and generate new solutions for unseen initial values x, and
input parameters pu. By doing so, the evolution of the system states is approximated and
uncertainty intervals for the estimated solution trajectories are provided, as illustrated in
Fig.[8.4l This probabilistic approach ensures that the generated predictions come with
reliable uncertainty estimates, offering robust and interpretable solutions for new scenarios.

In detail, we sample ng,,, pairs of latent initial values and model coefficients from their
respective approximated posterior distributions, i.e. {(zo;, Z;)}i= with {zg, }i= X de(x0)
and (S} %

differs from standard generative methods in VAEs, where the encoder is typically ignored

q(E) for a given initial value x( in the full state space. This approach

during testing, and new solutions are generated directly by sampling latent variables from
the prior distribution. In our framework, however, the inclusion of time and dynamics
requires generating physics-consistent initial conditions in the latent space. Therefore, the
encoder is essential during the online phase to map initial conditions from the full state
space into a latent representation that accurately reflects the dynamics of the underlying
physical system.

Each pair (zg;, 2;) defines an initial value problem. For each of these pairs, we integrate
the corresponding system of ODEs 2z = E;0(z,u) from the latent initial value z;
using standard time-stepping schemes, such as Runge-Kutta methods, over a set of
discrete time steps T = {tg,...t,,—1}. This results in a collection of latent trajec-
tories {{z(to),..., 20 (t,,—1)}}""", where the superscript o indicates the values
belonging to the i-th initial value problem. Finally, the computed latent trajectories are
passed through the decoder to obtain the mean prediction of the corresponding full-state
solution trajectories {{&(z"(ty)),..., &(z" (tnt,l))}}?zl It is important to note that we
utilize the decoder’s mean prediction @(z) instead of sampling from its posterior at each
time step following @ (t) ~ 1q(z(t)). This is done to preserve the regularity in time of the
latent trajectories in the full state space, ensuring that the resulting trajectories remain
smooth and consistent over time. Uncertainty bounds for the approximated solution are
computed from the statistical moments of the set of ng, full-state trajectories, providing
uncertainty estimates for the predicted solutions.
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Figure 8.4: Schematic representation of the VICI procedure: new solutions are generated
for a given initial condition xy, and parameter set p. The process begins by sampling
multiple instances of the corresponding latent initial values and coefficients of the dynamical
model, each defining an ODE system in the latent space. Each sampled dynamical system
is then integrated over time using standard time-stepping schemes, resulting in a set of
latent trajectories. These latent trajectories are subsequently mapped back to the full
state space through the decoder’s mean output, producing full-state trajectories. Finally,
predictions and UQ are derived directly from the statistical properties of the approximated

solution trajectories.

In summary, the trained model naturally provides UQ for the identified dynamics, the
latent states, and their time evolution, owing to its probabilistic formulation. The
approximated posterior distributions of the model coefficients ¢(Z) offer valuable insights
into the active terms in the candidate function library, revealing their contribution to the
system’s dynamics, as well as the variability and reliability of the estimates. Furthermore,
representing the coefficients as random variables enables a principled approach to sparsity
promotion, where coefficients with large probability density values at zero are pruned.
This selective pruning approach ensures that only significant terms are retained, improving
the interpretability and robustness of the identified model.
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8.3 Results

In the following, results on VINDy alone are presented for a low-dimensional chaotic
system. Additionally, the complete framework is tested on high-dimensional examples
from the field of fluid dynamics and structural mechanics. Hyperparameters regarding
the individual numerical examples and settings used to discover the corresponding latent
models are provided in Table [8.1]

8.3.1 Numerical Example I: Lorenz Equations — Identification of
a Low-dimensional Chaotic System under Varying Noise-

levels

In order to assess the potential of our novel VINDy approach alone (without VENT), we

present results for a low-dimensional example. Therefore, the Lorenz equations

Z = Itrue(zll - 21),

‘= 21(E7" — zm) — 2, (8.20)

. true
ZIII = 2121 — fIH g

originally introduced as a simplified mathematical model for atmospheric convection by
mathematician and meteorologist Edward Lorenz [Lorenz63|, are considered. This system
exhibits chaotic behavior and has become a fundamental example in the study of nonlinear
dynamical systems. In this context, z = [z, zm, zm|T represents the vector of the
system states and £ = [ = 10, {t = 28, ' = 8/3]T contains the chosen system

coeflicients.

Data Generation and Model Settings The settings to generate training and testing
data as well as the hyperparameters for the model creation can be taken from Table [8.1]
Each simulation of the Lorenz System (8.20]) starts from normal randomly distributed
initial values zg ~ N ([—8,7,27|T, 2I3). We consider two primary sources of uncertainty:
measurement noise and model noise. To account for measurement noise, we introduce
multiplicative noise to the state measurements, modeled as zyoise(t) = € ® z(t) where €
is drawn from a log-normal distribution € ~ LN(03,¢emeasI3) independently for each
sample. The parameter €,c,s = 0 modulates the amount of measurement noise. The time

derivatives are then numerically computed based on these noisy state measurements.

The model uncertainty is incorporated by introducing random disturbances in the model

coefficients €7 ~ N ([, &, &re]T, diag([Vme, V2, ﬁQtrue]T)>, which are sam-
I 11 IIT

pled from a normal distribution. The mean values of this distribution correspond to the

true coefficient values, while the standard deviations 19€quc = Emoal™, ’l9£ItIruc = Emod&ie,
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Table 8.1: Hyperparameters for the different numerical examples.

Hyperparam. Lorenz Reaction-Diffusion Beam
Category
VINDy Polynomial library, Polynomial library, Polynomial library,
Order: 2, Order: 3, Order: 3,
Bias: Yes, Bias: Yes, Bias: Yes,
Interactions: Yes, Interactions: Yes, Interactions: Yes,
Prior: p(E) = £(0,I) Prior: p(E) = £(0,I) Prior: p(E) = L£(0,1)
VENI - Number of layers: 3, Number of layers: 3,
Hidden units per layer: Neurons per layer:
32 x 16 x 8, 32 x 32 x 32,
Activation: selu, Activation: selu,
Prior: p(z) = N(0,I) Prior: p(z) =N(0,1I)
Dimensions Full: n = 3, Full: n = 2500, Full: n = 7821,
PCA: -, PCA: npca = 32, PCA: npca = 3,
Latent: - Latent r = 2 Latent r =1
Training Reg- Select best weights Select best weights Select best weights
ularization w.r.t. validation data, w.r.t. validation data, w.r.t. validation.
PDF thresh. 7 =1 PDF thresh. 7 =1 data,
PDF thresh. 7 = 0.1
Optimization Adam optimizer, Adam optimizer, Adam optimizer,
Learn. rate: 2.5-1073, Learning rate: 1073, Learning rate: 1073,
Batch size: 256, Batch size: 256, Batch size: 32,
Epochs: 1500, Epochs: 3000, Epochs: 2500,
Loss: Huber Loss: MSE Loss: MSE
Data pirain — 70, nrAn — 16, nran — 28,
n;ersnt =9, In';lersrf =4, nglersnt = 28,
n A = 800, n A = 400, n A = 14001,
ngtest = 8, n:st = 800, ng'est = 22499,
tirain = 800, tirain — 20, tirain = 1091 ps,
thest = 8 thest = 40 trest = 1753 s
Noise Model: multiplicative Model: -, Model: -,
log-normal, Measurement: multi- Measurement: multi-
Measurement: multi- plicative log-normal plicative log-normal

plicative log-normal
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and ﬁgflrlue = Emoalip'® are set proportional to their respective magnitudes, ensuring a relative

perturbation in each coefficient. The noise level is controlled by the parameter €,,,q = 0,

analogous to the treatment of measurement noise.

For the following investigations, we identify governing equations using VINDy under
model and measurement noise. In detail, measurement noise factors of €yeas € {0,0.01}
are considered, which correspond to mean noise levels of approximately 0% and 18% in
the time derivatives. Similarly, model noise factors of ey,0q € {0,0.01} are applied to the
training data, introducing varying levels of coefficient uncertainty in the system. For
testing, we generate a set of simulations that differ in their initial conditions from the
training data while using the correct coefficient values. This ensures that the evaluation
assesses the model’s generalization capability to unseen initial conditions while holding

the underlying system dynamics fixed.

Results The results for varying noise levels and sources are presented in Fig. [8.5a As
shown, the resulting trajectories follow the ground truth for large parts of the simulation
and even in cases where the mean trajectory deviates, the uncertainty bounds mostly
cover the true solution. The disparities among the approximated and reference trajectories
are predominantly attributable to the chaotic nature of the Lorenz system. Concurrently,
this phenomenon is manifesting as a rapid expansion in the uncertainty bounds. Hence,
the bounds serve as a reliable metric for assessing the system’s dynamics. The results
obtained for the various noise levels and intensities are consistent with one another and do
not exhibit significant variations demonstrating the robustness of the approach. However,
model noise leads to the largest errors, which can be attributed to the sensitivity to model
coefficients of the system. Notably, higher levels of noise lead to the uncertainty limits

growing earlier, thereby underscoring the augmentation of uncertainty:.

This behavior is also evident in the identified posterior distributions of the model coefficients,
as shown in Fig. 8.5b] Across all noise conditions, the method consistently identifies
all relevant terms present in the underlying equations, demonstrating its robustness in
recovering the true governing dynamics. Simultaneously, irrelevant coefficients remain
centered around zero, with their corresponding PDFs exhibiting high values, reinforcing
their insignificance in the learned model. As expected, higher noise levels are reflected in
broader distributions, capturing the increased uncertainty in the data. In contrast, for
lower noise levels, the estimated coefficient distributions remain tightly centered around
the true reference values, reflecting high confidence in the identified model. As noise
increases, the model naturally produces more conservative estimates, leading to wider
distributions that appropriately reflect the uncertainty introduced by the noisy data. These
findings highlight the method’s ability to provide accurate U(Q) while preserving both
interpretability and reliability across different levels of observational and model noise.
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(b) Distributions of identified coefficients; true values are indicated with a triangle at the bottom
of each axis; coefficients that appear in the original equations are outlined in red.

Figure 8.5: Approximation results for the Lorenz system. Different types of noisy data
generated by the Lorenz system serve as basis for the system identification. The approxi-

mated temporal state evolutions are shown in (a), while the corresponding distributions of
coefficients are shown in (b).
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8.3.2 Numerical Example II: Reaction-diffusion — Identification
of an Oscillator

As second example, we consider a reaction-diffusion system governed by the PDEs

-TI = (1 — ($12 + .1'112)) X1+ fltrue (.1'12 + iBHQ) X+ gflrue (xIx:p + mlyy)
Ty = — fltrue ($12 + SUHQ) T+ fflrue (:E12 + :L‘HQ) 1 (8.21)

+ (1 - (1,12 + xﬂz)) xﬂé_ltlrfm (xHX1X1 + CUHX2X2) J

where the coefficients ™ = 1.0 and &{" = & = 0.01 regulate the reaction and diffusion
behaviors of the system. The problem is defined for the time interval T = [0, teng = 40]
and over the spatial domain [—10,10]* with periodic boundary conditions. The initial
condition is given by

UCI(Xh X2, 0; /~L) = xII(Xh X2, 0; N)

- R L S (8.22)
anh ( pa/xi +x3cos | (xa +ix2) —p/Xi +X3 ) ),

where 1 € [0.7,1.1] is a parameter that modulates the system dynamics. In particular, u
controls the radius of spiral waves that are present in the solutions of the system (8.21]).
Those waves correspond to an attracting limit cycle in state space [FloryanGraham?22| and
can be effectively approximated using two oscillating spatial modes [ChampionEtAl19].
Our objective is to develop a generative model capable of efficiently computing the entire
space-time solution for a new instance of the parameter p, allowing for rapid and reliable
prediction of the system behavior across different parameter values. We set the number
of latent variables to » = 2 matching the number of oscillating spatial modes required to
capture the spiral waves, ensuring a compact yet expressive representation of the system
dynamics in the latent space.

Data Generation and Model Settings The parameter y that modulates the system
dynamics is sampled uniformly across the specified parameter domain. For each sampled
parameter instance, numerical solutions to are obtained by solving the underlying
PDE with the initial condition prescribed in . The numerical integration is performed
using the Fourier spectral method [Trefethen00] with a time step of At = 0.05 on an
equispaced spatial grid, where the spatial resolution step is set to Axy = 0.4 leading
to n = 2500 Degree of Freedoms (DOFs). The settings used to generate the training
and testing datasets, along with the hyperparameters for model creation, are detailed
in Table 8.I] For the training dataset, solutions are computed over a limited time
window to restrict the temporal extent of available data. Additionally, measurement
noise is introduced by applying 20% log-normal multiplicative noise to the training data,
simulating realistic observational uncertainties. Before training, a dimensionality reduction

step is applied to both the training and testing data. Specifically, we project the dataset
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onto a reduced basis of size npca = 32, which is obtained via Principal Component
Analysis (PCA) on the training data. Regarding the VINDy library, no explicit parametric
dependency is included, since the parameter p affects only the initial conditions and does
not appear explicitly in the governing equations.

Results The posterior distributions identified by our method for the model coefficients
are shown in Fig. [8.6al Notably, the mixed linear terms Z; = z;; and 2y = 21, which
play a dominant role in the observed oscillatory dynamics, are accurately identified as
significant, exhibiting high confidence in their estimates. Additionally, our approach
inherently promotes sparsity in the identified dynamics. This is evidenced by the fact that
most nonlinear terms are represented by distributions with high PDFs at zero, indicating
that they do not contribute meaningfully to the system’s behavior. Furthermore, Fig. 8.6al
presents the phase space representation of the system in the identified latent coordinates,
highlighting the characteristic oscillatory pattern and the presence of an attracting limit
cycle. This visualization demonstrates the method’s ability to preserve interpretable
dynamical structures in the latent space, ensuring that the learned representation remains
both compact and physically meaningful.

To evaluate the accuracy and reliability of VICI, we assess its performance on unseen
initial conditions and test parameter instances that were not included during training.
Specifically, we generate approximate solution predictions up to a final time of t.,q = 40,
which extends 20 time units beyond the training regime, effectively doubling the prediction
horizon compared to the training data. These predictions, which represent the mean
and standard deviation over 20 realizations of the reconstructed full solution field, are
then compared against the noise-free test data in Fig. The results demonstrate
that the method accurately captures the spatial dynamics, even when extrapolating over
a time window twice as long as the training range. This highlights the robustness and
generalization capability of the proposed approach in predicting long-term system behavior

while maintaining reliable uncertainty quantification.
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(a) Offline Phase Results: The VENI box shows how the method effectively learns the expected
oscillatory behavior from noisy data. Notably, the VINDy box highlights the accurate identifica-
tion of significant mixed linear terms governing the observed dynamics.

PCA‘ coe‘fﬁci(‘ent 1 gof ‘1260‘
50 — - 1 -
5 1072 \I | . 50 ‘ | | QO?' 1 ‘ | ‘ |
i B
- /\AAW éecode‘ PCA coefficient 2 dof 636
_o | ‘ ‘ ‘ | 50 — | | | - 1. ‘ ‘ ‘ o
g 20T ‘ ‘ - —50— ‘ ‘ : 1 : : : -
i 2
U /\/\/\/\/\/ B PCA coefficient 3 dof 2242

10 20 30 10 20 30
time ¢ time ¢
- - - mean prediction uncertainty bound (+£39¢) —— reference time extrapolation

(b) A comparison of trajectories between the approximation and the reference solution in the
latent as well as in the physical space. The inference time extrapolates twice the time.

Figure 8.6: Approximation results for the for the reaction-diffusion problem obtained from
the offline phase (a) and online phase (b).
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8.3.3 Numerical Example III: Beam MEMs Resonator — Identi-
fication of a Structural Mechanical Second-order System

The last example represents a straight beam Micro-Electromechanical Systems (MEMs)
resonator that is excited at resonance by a periodic body load that is proportional to
the first vibrational eigenfunction, with an amplitude p; and frequency pp. The input
parameter vector is defined as g = |1, pyr] and lies in a closed and bounded two-dimensional
parameter space. The system is modeled as a double-clamped beam and an illustration
with relevant information on the design of the model is given in Fig. [8.7al The considered
beam is composed of isotropic polysilicon |CoriglianoEtAl04], a commonly used material
in MEMs applications. The governing PDEs for this structural dynamics problem under
large transformations are formulated in terms of the displacements d. For a more detailed
discussion of the mathematical formulation, numerical implementation, and application
context, please refer to [ContiEtAlI23al.

To obtain a computationally feasible representation of the system, the underlying PDE
model is discretized using the Finite Element Method (FEM), resulting in a high-
dimensional Full Order Model (FOM). The clamped-clamped beam is a well-known
structure exhibiting Duffing-like hardening behavior, which has been extensively studied in
the literature |Coriglianol8|, [FrangiGobat19]. This nonlinear behavior can be accurately
described by the following simple model

o true? true ¢true ; true .3 true

=Ty = 280G = e — &y cos(purt), (8.23)

where the cubic nonlinear term accounts for the hardening behavior of the system with
e > 0. It is important to note the absence of quadratic terms, which is characteristic of

the underlying physics of the beam’s oscillatory response.

Data Generation and Model Settings For data generation, we consider excitation

! with a finer sampling

frequencies jurp within the range from 0.526 rad ps=* to 0.564 rad ps™
near the natural frequency 0.5475rad us™! to capture the resonance behavior accurately.
The forcing amplitude is considered for two values, u; € {0.125,0.250} pN. The settings
used for generating displacement snapshots, which are collected into the training and
testing datasets, are provided in Table along with the hyperparameters of the model
identification. The training data consists exclusively of trajectories up to t22" = 1091 s <
tend, providing a limited time window for model learning. Additionally, the data is
corrupted by additive noise, which follows a normal distribution with a scale proportional
to the mean displacement level across all training simulations. We model the beam as a
second-order system, following the classical structural mechanics formulation. Hence, we
require to have access or compute the second time derivatives & in addition to the system

states  and their time derivatives .
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(a) Schematic illustration of the beam MEMSs resonator showing the FEM mesh. The beam is
made of isotropic polysilicon with a density 2330 kg/m?, Young modulus 167 GPa and Poisson
coefficient 0.22. The first bending eigenfrequency is 0.5475rad ps~!. Dirichlet boundaries are
highlighted.
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(b) Noise-free and noisy trajectories of the displacement in y-direction d, and the corresponding
velocity and acceleration for a node in the center of the beam for an example training simulation.
Only the first 1091 ps of the noisy data are used for training; the remaining time for which the
identified model must extrapolate is highlighted in red.

Figure 8.7: Illustration of beam MEMs resonator (a) and corresponding examples of noisy
training data (b).

In the context of second-order dynamical systems, noise constitutes a substantial challenge,
as each numerical differentiation step amplifies it. This effect is particularly pronounced
for acceleration computations, where even small levels of noise in the displacement data
lead to substantial noise amplification at the acceleration level, as illustrated in Fig. [8.7b
For the beam data, the ratio between the maximum acceleration amplitude in the noisy
training data and the noise-free reference data across all simulations is 4,52 + 2,27. This
quantifies the strong noise amplification effect in the numerical computation of acceleration,
emphasizing the importance of robust modeling approaches that account for uncertainty.
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We enforce the second-order structure in the identified ODE of the reduced dynamics by

augmenting the reduce states with the first time derivatives z following

§ . (8.24)

z

< H —f(z, 5. 0) ~

EO(z, 2, 1)

The required accelerations in the latent space Z, can be derived using the chain rule,
similar to how velocities 2 are computed. Alternatively, the system could be modeled
as a first-order ODE system with r = 2 latent variables if no prior knowledge of the

second-order structure of the problem is to be exploited.

With respect to the VINDy library ©, polynomial functions up to the third degree are
considered with respect to both z and z. Since the beam resonator is subjected to
harmonic forcing with amplitude and frequency parameterized by u; and pyp, respectively,
we account for this dependency by including the library term gy cos(uyt). Moreover, the
data, i.e. displacements, velocities, and accelerations, are preliminarily projected onto a
lower-dimensional space using PCA derived from the noisy displacement training data
as in the previous example. Although the dynamics of the system naturally evolve on
a two-dimensional manifold in phase space, we successfully reduce the latent space to a
single variable, setting » = 1. This is possible because the velocity dependence is minimal
for the dominant bending mode under investigation.

Results One of the primary objectives of VINDy is to derive a sparse, reduced-order
representation of the system. To achieve this, we aim to reconstruct the underlying normal
form described by directly from observational data, circumventing the need for access
to the full-order model or related structural insights. In the analyzed example, Fig.
demonstrates that the terms identified as significant by our methodology coincide with
those present in the normal form, apart from a minor bias term of negligible magnitude.
This result underscores the precision and reliability of our approach in capturing the
system’s intrinsic structure. Moreover, our method accurately recovers the coefficients
governing the linear terms associated with the system’s natural frequency and damping
properties, specifically —ff“le? and —2&j7"e¢™e. Notably, this identification solely relies
on noisy measurement data. Additionally, the VICI-generated mean trajectories for new
parameter configurations exhibit strong agreement with reference solutions, while the
associated standard deviations effectively encapsulate deviations, as illustrated in Fig.

8.4 Discussion

The results highlight the efficacy of the proposed VENI, VINDy, and VICI framework in
constructing ROMs that do not only address the challenge of physicality (Chall. |3 but

also UQ in noisy or data-scarce scenarios (Chall. @ In particular, this is achieved by
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(a) Distributions of identified coefficients; true values are indicated with a triangle at the bottom
of each axis; coefficients that appear in the normal form of the observed high-dimensional system
are outlined in red.
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(b) A comparison of the reconstructed of latent mean trajectories and corresponding uncertainties
with the reference solution for a node in the middle of the beam where the most dynamics occur.

Figure 8.8: Approximation results for the for the beam MEMs resonator obtained from
the offline phase (a) and online phase (b).

integrating probabilistic modeling with data-driven discovery within a unified physical
generative framework. A key strength of VINDy lies in its ability to identify the essential
terms governing the system’s dynamics, thereby facilitating the discovery of governing
equations that offer deeper insight into complex physical phenomena. Accordingly, the
identified ROMs reveal model descriptions that are consistent with the underlying physical
principles while maintaining computational efficiency and providing robust UQ, even in

scenarios characterized by high noise levels.

A distinguishing feature of the proposed approach is that it treats both state variables
and model coefficients as probability distributions. This allows to effectively account for
measurement noise and model uncertainty, thereby enhancing the reliability and robustness

of the inferred ROMs. Several advantages arise from this probabilistic formulation. On the
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one hand, the estimated probability distributions of model coefficients reveal uncertainties
in the corresponding governing equation terms, enabling informed model selection and
refinement. On the other hand, the incorporation of sparsity-promoting priors, such
as Laplacian priors, in conjunction with PDF thresholding, leads to the construction
of parsimonious models. Particularly, PDF thresholding allows that small-magnitude
coefficients are retained if they significantly influence the system’s dynamics. Conventional
methods lack this property as they solely discard coefficients based on their magnitude.
For example, in the numerical example of the beam MEMs resonator example, the forcing
term—despite its small amplitude-obviously plays a crucial role in capturing the non-
autonomous behavior of the system. While purely magnitude-based approaches might
erroneously eliminate this term, the probabilistic formulation ensures its retention, thereby

preserving the accuracy of the inferred model.

In the case of the Lorenz system, the method accurately reconstructs the governing
equations by selecting the essential terms and estimating their coefficients. In the reaction-
diffusion system, the primary dynamics are effectively captured as a linear oscillator,
where the latent phase-space structure closely approximates the attracting limit cycle. In
the MEMs resonator application, the framework autonomously discovers the governing
equations, unveiling the system’s normal form, which represents the sparsest possible
description of the dynamics while explicitly revealing key coefficients (e.g., natural frequency
and damping) alongside critical nonlinear contributions.

Beyond UQ on latent states and dynamical models, the framework extends uncertainty
quantification to physical solution trajectories using an ensemble strategy within VICI.
Due to its generative nature, the method can efficiently construct an ensemble of dynamical
models via sampling, incurring virtually no additional computational cost in contrast to
conventional ensemble-based techniques that require training of multiple model instances.
By propagating these sampled models forward in time and mapping the resulting ensemble
of latent trajectories back to the physical space, we gain direct insight into the evolution
of uncertainty in the physical solution over time.

Despite its advantages, the framework, like most deep learning approaches, remains
sensitive to hyperparameters such as the relative weighting of different loss terms, the
choice of priors, and the selection of candidate functions within the VINDy library. While
the framework effectively forecasts solution trajectories using the identified dynamical
models, the feed-forward networks in the autoencoder may not generalize well to spatial
patterns entirely outside the training distribution. Hence, further improvements could
be achieved by leveraging more advanced neural network architectures as components of
the VAEs. For instance, Graph Convolutional Neural Networks (GCNNs) could enhance
the reconstruction of spatial patterns and improve generalization to previously unseen
configurations.
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The method’s robustness to noise and its non-intrusive nature make it particularly
well-suited for real-world applications involving sensor and video data [MarsGaoKutz24,
ChenEtAl22a]. Furthermore, its inherent flexibility suggests strong potential for online
learning, where models could dynamically update as new data become available. This
could be achieved by utilizing previous posterior estimates as priors and fine-tuning the
model to iteratively refine the posterior distributions. Additionally, the approach could
incorporate constrained learning techniques [ChamonRibeiro20] to restrict the learning
process to regions where the reconstruction error remains within acceptable limits. This
would ensure that the learned dynamics are both reliable and physically meaningful,
further enhancing the practical applicability of the framework.

The code used to generate the presented results is accessible via
https://github.com/jkneifl/VENI-VINDy-VICI

with a persistent release in [KneiflConti25] under MIT Common License.
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Chapter 9

Conclusion and Outlook

Oye mi consejo
Que el que no oye consejos
No llega a viejo

Celia Cruz, Oye Mi Consejo

This thesis introduces multiple approaches for constructing efficient yet accurate surrogate
models for structural dynamical systems, emphasizing the pivotal role of Reduced Order
Models (ROMs) in bridging the gap between computational cost and modeling fidelity.
In particular, the focus is placed on non-intrusive data-driven modeling of complex,

high-dimensional, nonlinear, and parametric dynamical systems.

Conventional numerical simulation models serve as the foundation for a wide range of
applications in science and engineering, owing to their predictive capabilities and ability
to reveal insights into complex physical phenomena. However, their practical use is
often restricted by high computational demands, especially in multi-query, real-time, or
hardware-constrained environments. The methods proposed throughout this thesis aim to
extend the reach of high-fidelity simulations into such domains—delivering their benefits
without incurring the prohibitive cost.

By building on concepts from both Model Order Reduction (MOR) and Machine Learning
(ML), a unified latent modeling framework is developed, where system dynamics are
described in a low-dimensional latent space. Essential system behavior is first compressed
into compact representations using a range of linear and nonlinear dimensionality reduction
techniques. The dynamics are then approximated within this reduced space, enabling

faster yet expressive simulations.

Both black-box and model discovery strategies are explored to approximate the latent
dynamics. Black-box approaches offer ease of implementation and computational speed,
while model discovery techniques enable interpretability, physical consistency, and extrap-
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olation capabilities beyond the training domain. Notably, the proposed techniques allow
for extracting governing behavior from data alone—without requiring access to internal

simulation operators or source code.

Throughout the thesis, several severe challenges in surrogate modeling of structural
dynamical systems are addressed. In the black-box part, various dimensionality reduction
and regression strategies are benchmarked for their ability to approximate crash dynamics
in a kart simulation. This is extended to a multi-hierarchical framework that combines
multiple surrogates of varying resolution to capture system behavior at micro- as well as

macroscale under varying hardware demands.

In the model discovery part, emphasis is placed on selecting suitable latent coordinates in
which system dynamics could be described by Ordinary Differential Equations (ODEs).
With the introduction of the Autoencoder-based Port-Hamiltonian Identification Network
(APHIN) method, structure-preserving ROMs are learned that retain essential system-
theoretic properties such as energy conservation and passivity. In a subsequent generative
modeling framework—comprising Variational Encoding of Noisy Inputs (VENI), Vari-
ational Identification of Nonlinear Dynamics (VINDy), and Variational Inference with
Credibility Intervals (VICI)—uncertainty and noise in the data are explicitly addressed
using variational techniques. These methods enable robust surrogate models capable of
handling noisy input data while remaining interpretable and physically meaningful.

Limitations Despite the potential and versatility of the proposed methods, they naturally
exhibit several limitations that must be acknowledged and critically discussed.

Data Quantity and Quality As with most data-driven approaches, the quality and
quantity of available data are critical factors that significantly influence the success of
surrogate modeling. However, in practice, data is often subject to noise and uncertainty.
While noise is typically associated with real-world experimental setups, where it stems
from limitations in measurement technology, it can also be present in purely compu-
tational contexts, arising from numerical artifacts such as discretization errors, solver
tolerances, or interpolation inaccuracies. This challenge became particularly evident in

two key areas of this thesis.

First, in the model discovery setting, derivative information is required to identify
governing dynamics. Numerical differentiation, particularly of noisy data, is noto-
riously ill-posed, with noise amplification increasing with each successive derivative.
This challenge must explicitly be addressed as in the generative modeling framework
comprising VENI, VINDy, and VICI. Second, numerical artifacts, such as discretization-
induced discontinuities, posed significant challenges when creating holistic surrogates
that approximate multiple physical quantities. In particular, stress fields—derived from
displacement fields—lack inter-element continuity in standard Finite Element (FE)

formulations. These fields are often highly non-smooth, irregularly distributed, and
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significantly harder to approximate and reduce without losing critical information. This
highlights a fundamental limitation in constructing multi-output surrogates from noisy

or inconsistent data representations.

Hyperparameter Tuning Another practical limitation concerns hyperparameter
sensitivity. Many of the proposed methods rely on careful selection of loss function
weights, data scaling, and training strategies. Although general guidance and heuristics
are provided throughout the thesis, optimal configurations are highly problem-dependent
and often require manual tuning or the use of automated hyperparameter optimization
methods.

Extrapolation Finally, while the model discovery approaches demonstrated promising
extrapolation capabilities, they remain embedded in neural architectures. Consequently,
generalization beyond the training regime is limited by the capacity of the autoencoder
to represent out-of-distribution system states. In scenarios where the training data
does not sufficiently cover the relevant solution space, latent representations may fail to
meaningfully encode system dynamics, leading to poor surrogate performance.

Outlook The methods presented in this thesis lay a strong foundation for data-driven
surrogate modeling of structural dynamical systems. Building on this foundation, several
future research directions are envisioned to further expand the applicability, interpretability,
and physical consistency of surrogate models.

Holistic Latent Surrogates Across Physical Quantities A promising extension
lies in the development of holistic surrogate models that jointly approximate multiple
physical quantities within a shared latent framework and provide discretization-free
reconstructions. Instead of focusing on a single quantity of interest, future models could
capture the coupled behavior of different physical observables using a unified latent
representation and incorporate knowledge about dependencies among the quantities of
interest. This may be achieved through parallel multi-channel architectures (e.g., graph-
based representations) or shared-latent-space autoencoders that allow each physical field

to be reconstructed on demand.

Surrogate-Based Full-Field Reconstruction from Sparse Measurements An
important step toward real-time monitoring and digital twins involves reconstructing
full-field dynamic behavior from sparse sensor data. Extending the presented surrogate
modeling techniques, future work could explore the integration of measurement-driven
latent state estimation. In this setting, sensor readings act as latent variables from
which surrogate decoders reconstruct the full state of the system, even in the presence of
noise, limited sampling, or unmeasured regions. This opens up the possibility of sensor-
informed simulation models capable of delivering data-consistent physical states with
reduced sensor counts—relevant in applications where sensor placement is constrained

due to physical, financial, or privacy limitations.
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Multi-Scale and Multi-Physics Surrogates Another avenue for future research
is the incorporation of multi-scale effects and multi-resolution surrogate models. The
multi-hierarchical framework introduced in this thesis could be extended to support
multi-physics systems, where different components of a structure interact across spatial
and temporal scales. Efficient surrogate coupling strategies and latent transfer learning
techniques may be explored to propagate information across scales, balancing speed
with physical fidelity. Such an approach is particularly valuable for systems that exhibit
both global dynamics and localized nonlinearities, such as structures undergoing contact,
fracture, or fatigue.

Real-World Demonstrators and Applications To validate and mature the pro-
posed modeling concepts, future work may involve real-world demonstrators and im-
plementation on edge-devices. Applying the methods developed in this thesis to such
demonstrators will provide practical insights into system integration, real-time state

estimation, and predictive maintenance.

In conclusion, this work highlights the potential of uniting physical insight with modern
data-driven techniques to address long-standing challenges in computational modeling.
The proposed methods pave the way for real-time, interpretable, and efficient simulation
tools—greatly broadening the range of users who can benefit from valuable insights. This
represents a step toward intelligent engineering systems that are not only fast but also
faithful to the underlying physics.
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Abbreviations, Symbols, and

Notation

Blackboard Bold Latin Capitals

E expectation
M operator
N natural numbers

Calligraphic Latin Capitals
adjacency matrix
dataset

edges in a graph

class of surrogate models
graph

Hamiltonian

stress space
computational costs
kernel matrix

Laplace distribution

EDANGNRO Y ™Y

mesh

Greek Capitals

Q right singular vectors
v neural network
by singular value matrix

Greek Minuscules

o inputs/features

6] beta in p-Variational Autoen-
coders (VAEs)

Vi learning rate

€ parameter modulating the number

of selected columns in CUR decom-

T39O I0c= <429 % %

SR

m=so

€

€meas
€pos,def
Erg

set of parameter combinations
real numbers

set of timesteps

set of planes at a node of a mesh

normal distribution
order of

parameter space
displacement space
solution manifold

time interval

set of nodes/vertices of a mesh/-
graph

state space

bounded neighborhood
latent state space

SINDy library of Ansatzfunctions
eigenvector matrix
SINDy coefficients

position

noise factor

measurement noise factor
regularization term

artificial noise term for reparame-
terization trick in VAEs

forces
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CMIT R >3 8 8

regression model

variance

standard deviation
pendulum angle

kernel function

eigenvalues

loss factor

mean function

mean

nodes/vertices in a mesh/graph
coefficients of function terms

feature mapping

Latin Capitals

A
B
Cc
D
Eilncan

max
Ed

8 8¢

N

PR s ISR RS

P

state matrix
input matrix
damping matrix

degree matrix

mean displacement error over all

nodes

maximum displacement error over

all nodes

reconstruction error on state space

error on state space

error on latent space
flow of a vector field
surrogate model

Gaussian process

Other Symbols

TRAYT OO

matrix in CUR decomposition
downsampling matrix

filter

Fourier transform

covariance matrix

Laplace matrix

pendulum length

Latin Minuscules

a

b

activation function

bias

c 3T AN TR Y

&9

ha

= <

XTI TTNROVETAR

‘<@c;ug®'o %%

ABBREVIATIONS, SYMBOLS, AND NOTATION

temperature

momenta

parameter

singular values

stress

threshold for PDF thresholding
eigenvectors

encoder

reduction mapping
decoder

reconstruction mapping

spatial coordinates

structure matrix

stiffness matrix
Kullback-Leibler divergence
loss function

mass matrix

projector

energy matrix

dissipation matrix
Chebyshev polynomial

left singular vectors
projection matrix
projection matrix

neural network weight matrix

state data/snapshot matrix

quadric

family of distributions
position of pendulum bob
family of distributions

matrix in CUR decomposition
matrix in CUR decomposition
upsampling matrix

output of an system

damping
displacements

Kolmogorov distance
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r
Kol

Tcheb
ny

Te
Nelem

Nh

Kolmogorov n-wdith

error over time

normalized error over time

mean displacement error over all
nodes over time

maximum displacement error over
all nodes over time

normalized reconstruction error on
state space over time

normalized error on state space
over time

normalized error on latent space
over time

standard basis vector

right hand side of an ODE

gate in an LSTM

graviational acceleration

hidden state

iterator index

iterator index

iterator index

stiffness

iterator index

mass

state dimension

dimension of input variable in ML
number of channels/DOFs per
node

order of Chebyshev polynomials
number of nodes in downsampled
mesh

number of edges

number of elements

number of hidden states
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number of layers
number of levels in multi-
hierarchic modeling

number of neurons

number of nodes
intermediate state dimension
parameter dimension
number of samples

number of simulations
number of timesteps

number of test samples
number of training samples
input dimension

time horizon

dimension of output variable in
ML

output dimension

posterior probability

prior probability

probability

approximated posterior
latent state dimension

cell state in LSTM
statistical leverage score
computational time

time

final time of a simulation
input

reduced basis vector

neural network weights
system state

outputs/target values

latent state

Notation Unless stated otherwise, the following notational conventions are used through-
out this thesis:

« Scalars are denoted by lowercase letters in regular font, e.g. a

» Vectors are denoted by bold lowercase letters, e.g. a.
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o Matrices are denoted by bold uppercase letters, e.g. A

In general, subscripts using lowercase Latin letters or Arabic numerals (e.g., x;, x1) are
used to denote different instances or samples of the same quantity, with the exception of
&y, which is reserved for initial values. In cases where such indexing would conflict with
semantic distinctions—such as in systems of ODEs where 1, o might refer to distinct
state variables—we instead use Roman numerals (e.g. xj, xy1) to indicate structurally

different quantities.

If a vector is defined as @ = [a4, .. ., a,|, then the notation [a], = a; denotes its i-th entry.
Similarly, for a matrix A = [ay,...,a,], the i-th column is denoted by [A], = a;. An

individual matrix entry at row i and column j is written as [A];; = [ai]; = a;;.

Additional symbols and operators used throughout this thesis are listed in Table [9.1]

Table 9.1: Common symbols and operators used throughout this thesis.

Symbol Meaning

R The set of real numbers

a’, AT Transpose of matrix or vector

Al Inverse of a matrix

1 Identity matrix

Al Moore—Penrose pseudoinverse of a matrix

llal| Norm of a vector or matrix

diag(a) Diagonal matrix with entries of @ on its diagonal

Hadamard (element-wise) product

©

%a =a  Total time derivative

a Approximate or estimated value
a Reconstructed quantity

a Mean value of a variable

Entry of vector or matrix

a; i-th instance of a quantity

Remarks Unless stated otherwise, all results presented in this thesis—except for the

finite element simulations—were generated on an Apple M1 Max system with a 10-core

CPU, 24-core GPU, and 64 GB of RAM.

Statement on the Use of Language Models and Digital Tools During the
preparation of this thesis, I made use of modern language models (LLMs) and neural

machine translation service, such as ChatGPT and Deepl., to support various aspects
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of the writing process. These tools were employed exclusively for non-technical tasks,
including:

Refinement of language and grammar

Structural and stylistic improvements of academic text

Translation assistance (primarily between German and English)

Clarification and rephrasing of existing content to improve readability

All technical content, scientific reasoning, original results, and interpretations were inde-
pendently developed and verified by the author. The use of such tools was limited to
enhancing the clarity, coherence, and presentation quality of the text, without influencing
the scientific rigor or originality of the work.
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Acronyms

AE Autoencoder 49-52, 54-56, 73, 74,
81, 84, 88, 89, 100, 111, 128,
138, 143

AT Artificial Intelligence 26

APHIN Autoencoder-based Port-
Hamiltonian Identification Net-
work 128, 129, 133, 141, 142,
144, 146-148, 150-153, 186

CAD Computer-Aided Design 16

CMS Component Mode Synthesis 40

CNN Convolutional Neural Network
27,100

CUR CUR Decomposition 51, 52, 54,
55, 73-75, 77, 83-85, 87, 89

DAE Differential-Algebraic Equation
146

DL Deep Learning 27, 35

DMD Dynamic Mode Decomposition
26, 59

DOF Degree of Freedom 23, 31, 38,
148, 153, 176

ELBO Evidence Lower-Bound
158-160, 165

FCAE Fully-Connected Autoencoder
111-113

FE Finite Element 3, 15-20, 22, 23, 31,
34, 38, 39, 41, 46, 76, 80, 88,
89, 100, 105, 110, 120, 148-151,
186

FEM Finite Element Method 12,
14-16, 22, 38, 39, 179, 180
FOM Full Order Model 14, 133, 179

GAE Graph Convolutional Autoen-
coder 111-114, 117

GCNN Graph Convolutional Neural
Network 7, 98, 100, 101, 103,
108, 120, 183

GP Gaussian Process 27, 30, 58, 61,
75, 81, 82, 84, 87, 88, 90, 126

HF High-Fidelity 2-4, 6, 11, 24, 31,
35, 42, 51, 57, 72, 78, 88, 92,
94, 98, 124, 125, 148, XI, XIII

KL Kullback-Leibler 158, 159, 162, 167

KPCA Kernel Principal Component
Analysis 48, 49, 51, 52, 54,
73-75, 77, 81, 84, 85, 87-89

LADy Latent Approximation of Dy-
namics 5, 73-75, 124

LDD Latent Discovery of Dynamics 5,
73, 124, 125, 160

LSTM Long Short-Term Memory 27,
62-64, 67, 68, 90-92, 95

LTI Linear Time-Invariant 127, 130,
134, 140, 144, 145

MB Multi-Body 16, 21, 22

MBS Multi-Body System 16

MEM Micro-Electromechanical Sys-
tem 73, 179, 180, 182, 183
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MH Multi-Hierarchical 7, 98, 99, 106,
107, 109-121

ML Machine Learning 1, 2, 4-8, 26,
27, 33-35, 185, XIII

MLP Multi Layer Perceptron 27, 67,
75, 81, 98, 106, 108, 110-112,
118

MOR Model Order Reduction 3, 4, 6,
7,19, 25, 26, 37, 40, 41, 90, 91,
100, 101, 132, 133, 185, XIII

MSD Mass-Spring-Damper 127, 142,
145

MSE Mean Squared Error 29, 67

NN Neural Network 27, 28, 58, 61, 75,
81, 82, 88, 90, 103, 111, 112

ODE Ordinary Differential Equation
11, 14, 57-59, 64, 6669, 73,
101, 125, 126, 132, 146, 163,
170, 171, 181, 186

OI Operator Inference 26

PCA Principal Component Analysis
41, 43, 48, 51, 52, b4, 56,
73-75, 77, 81, 84, 85, 87-93,
95, 111-113, 115, 117, 119, 133,
139, 143, 150, 177, 181

PDE Partial Differential Equation 11,
12, 14, 33, 37, 57-59, 73, 99,
101, 155, 156, 176, 179

PDF Probablity Density Function 169,
173, 174, 177, 183

PH Port-Hamiltonian 7, 124, 128-134,
136-148, 151, 153

PHIN Port-Hamiltonian Identifi-
cation Network 128, 133,
136-138, 141-146, 148, 151

PINN Physics-Informed Neural Net-
work 58

POD Proper Orthogonal Decomposi-
tion 43

RNN Recurrent Neural Network 27,
62, 63, 75, 91

ROM Reduced Order Model 7, 8, 19,
26, 40, 73, 83, 117, 124, 125,
149, 151, 155, 156, 160, 161,
181, 182, 185, 186

SINDy Sparse Identification of Nonlin-
ear Dynamics 8, 26, 59, 64-68,
126, 156, 160, 163

STLSQ Sequentially Thresholded
Least Squares 65, 67

SVD Singular Value Decomposition
43, 44

UQ Uncertainty Quantification 35,
124, 155, 156, 160, 171, 174,
181-183

VAE Variational Autoencoder 50, 51,
54, 157-164, 166, 170, 183, 189

VENI Variational Encoding of Noisy
Inputs 156, 157, 160-162, 165,
167-169, 172, 173, 178, 181,
186

VI Variational Inference 30

VICI Variational Inference with Cred-
ibility Intervals 156, 157, 160,
161, 170, 171, 181, 183, 186

VINDy Variational Identification of
Nonlinear Dynamics 156, 157,
160, 161, 163-169, 172-174,
177, 178, 181-183, 186
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